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Abstract. We formulate a conjecture about extra zeros of p-adic L-functions at near central points 
which generalizes the conjecture formulated in [Ben2]. We prove that this conjecture is compatible 
with Perrin-Riou's theory of p-adic L-functions. Namely, using Nekovaf 's machinery of Selmer com- 
plexes we prove that our -invariant appears as an additional factor in the Bloch-Kato type formula 
for special values of Perrin-Riou's module of L-functions. 



Nous avons toutefois suppose pour simplifier que 
les operateurs \ — ip et 1 — p~^{p~^ sont inversibles 
laissant les autres cas, pourtant extremement 
interessant pour plus tard. 

Introduction to Chapter III of [PR2] 
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Introduction 

0.1. Extra zeros. Let M be a pure motive over Q. Assume that the complex L-function L(M, s) 
of M extends to a meromorphic function on the whole complex plane C. Fix an odd prime p. It is 
expected that one can construct p-adic analogs of L(M, s) interpolating p-adically algebraic parts 
of its special values. This program was realised and the corresponding j)-adic L-functions were 
constructed in many cases, but the general theory remains conjectural. In [PR2], Perrin-Riou 
formulated precise conjectures about the existence and arithmetic properties of p-adic L-functions 
in the case then the p-adic realisation V of M is crystalline at p. Let Dcris(^) denote the filtered 
Dieudonne module associated to V by the theory of Fontaine. Let D be a subspace of Deris (^) 
of dimension d^{V) = dimQ^ V^^^ stable under the action of </?. One says that D is regular if one 
can associate to D a p-adic analog of the six-term exact sequence of Fontaine and Perrin-Riou 
(see [PR2] for exact definition) . Fix a lattice T of F stable under the action of the Galois group 
and a lattice N oi a regular module D. Perrin-Riou conjectured that one can associate to this 
data a p-adic L- function Lp{T, N, s) satisfying some explicit interpolation property. Let r denote 
the order of vanishing of L{M, s) at s = and let L*{M, 0) = limg^o s~'^L{M, s). Then at s = 
the interpolation property writes 

Lp{T,N,s) _ ^ _ , L*(M,0) 



Here Rm,oo{'^m) (resp. Rv,d{'-^v,n)) is the determinant of the Bcilinson (resp. thep-adic regula- 
tor) computed in some compatible bases Um and ijOw and £{y,D) is an Euler-like factor given 

by 

£{V,D) = dei{l-p-^if-^ I D) det(l - ^ | T>c,;^{V) / D). 



If either L>'^=p V or {T>^,;^{V) / Dy=^ 7^ we have £{V, D) = and the order of vanishing of 
Lp{N, T, s) should be > r. In this case we say that L{T, N, s) has an extra zero at s = 0. The same 
phenomenon occurs in the case then V is semistable and non-crystalline at p. An architypical 
example is provided by elliptic curves having split multiplicative reduction [MTT]. Assume that 
is a critical point for L{M,s) and that H^{M) = iJ°(M*(l)) = 0. In [Ben2] using the theory 
of ((/?, r)-modules we associated to each regular D an invariant JSf (V, D) G Qp generalising both 
Greenberg's ^-invariant [G] and Fontaine-Mazur's ^-invariant [M]. This allows to formulate a 
quite general conjecture about the behavior of p-adic L-functions at extra zeros in the spirit of 
[G]. To the best of our knowledge this conjecture is actually proved in the following cases: 

1) Kubota-Leopoldt p-adic L-functions [FG], [GK]. Here the ^-invariant can be interpreted 
in terms of Gross p-adic regulator [Gs]. 

2) Modular forms of even weight [K], [GS], [S]. Here the ^-invariant coincides with Fontaine- 
Mazur's ^{f). 

3) Modular forms of odd weight [Ben3]. The associated p-adic representation V is either 
crystalline or potentially crystalline at p and we do need the theory of (t^, r)-modules to define 
the .=Sf -invariant. 

4) Symmetric square of an elliptic curve having either split multiplicative reduction [Ro] or a 
good ordinary reduction (Dasgupta, work in progress). Here V is ordinary and the ^-invariant 
reduces to Greenberg's construction [G]. 

5) Symmetric powers of CM-modular forms [HL]. 

0.2. Extra zero conjecture. In this paper we generalise the conjecture from [Bcn2] to the 
non critical point case. Assume that V is crystalline at p. Then the weight argument shows that 
£{V, D) can vanish only if wt{M) = or —2. In particular, we expect that the interpolation 
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factor does not vanish at s = if wt{M) = — 1 i.e. that the p-adic L-function can not have an 

extra zero at the central point in the good reduction case. To fix ideas assume that wt{M) ^ —2 
and that M has no subquotients isomorphic to Q(l)^. Then D is regular if and only if the 
associated p-adic regultor map 

rv,D ■ ^Deris(l^)/(Fil°DeHs(^) + ^) 

is an isomorphism. The semisimplicity of (/? : Deris (^) — ^ Deris (V') (which conjecturally always 
holds) allows to decompose D into a direct sum 

D = D_i®D'^=P~\ 

Under some mild assumptions (see 3.1.2 and 4.1.2 below) wc associate to D an .if -invariant 
^{V,D) which is a direct generalization of the main construction of [Bcn2]. The Bcilinson- 
Deligne conjecture predicts that L{M,s) does not vanish at s = and that L(Af*(l),s) has a 
zero of order r = dim^^ Hj{V) at s = 0. We propose the following conjecture: 

Extra zero conjecture. Let D be a regular subspace o/ Deris (V") and let e = dimQ^ (D'''^*' ^). 

Then 

1) The p-adic L-function Lp{T, N, s) has a zero of order e at s = and 

L;(r,7V,0) ^{V D)£+{V,D) ^^^-'^^ 
Rv,d{^v,n) Rm,oo{i^m) 

2) Let denote the orthogonal complement to D under the canonical duality 
Dcris(^) X Dcris(^*(l)) " > Qp- The p-adic L-function Lp{T* (1) , N-^ , s) has a zero ofordere + r 
where r = dimQ Hj{V) at s = and 

In the both cases 

S+{V,D) = S+{V*{1),D^) = det{l -p-'ip-' I L>_i) det(l -p-V"' I Deris(V^*(l))). 

Remarks. 1) S~^{V, D) is obtained from £{y, D) by excluding zero factors. It can be also written 
in the form 

£^{V,D) =,E;{V,l)dei^^ ' '^-^ 

where Ep{V, t) = det(l-v?t | Dcris(V')) is the Euler factor at p and E*{V, t) = Ep{V, t) (^l - 

2) Assume that Hj{V) = 0. Since Hj{V*{l)) should also vanish by the weight reason, our 
conjecture in this cases reduces to the conjecture 2.3.2 from [Ben2]. 

3) The regularity of D supposes that the localisation Hj{V) — )■ Hj{Qp,V) is injective. 
Jannsen's conjecture (precised by Bloch and Kato) says that the p-adic realisation map Hj{M) (8) 

^The last condition is not really essential and can be suppressed 



4 



DENIS BENOIS 



Qp — > Hj{V) is an isomorphism. The composition Hj{M) — > Hj{Qp,V) of these two maps is 
essentially the syntomic regulator. Its injectivity seems to be a difficult open problem. 

0.3. Selmer complexes and Perrin-Riou's theory. In the last part of the paper we show 
that our extra zero conjecture is compatible with the Main Conjecture of Iwasawa theory as for- 
mulated in [PR2]. The main technical tool here is the descent theory for Selmer complexes [Ne2]. 
We hope that the approach to Perrin-Riou's theory based on the formalism of Selmer complexes 
can be of independent interest. 

For a profinite group G and a continuous G-module X we denote by C*{G,X) the standard 
complex of continuous cochains. Let be a finite set of primes containing p. Denote by Gs 
the Galois group of the maximal algebraic extension of Q unramified outside S U {oo}. Set 
Rr5(X) = C*{Gs,X) and Rr(Q^,X) = C'{G^,X), where G^ is the absolute Galois group of 
Qy. Let r be the Galois group of the cyclotomic p-extension Q((^poo)/Q), Fi = Gal(Q(Cpoo)/Q((^p) 
and A = Gal(Q(Cp)/Q). Let A(F) = Zp[[T]] denote the Iwasawa algebra of F. Each A(F)-module 
X decomposes into the direct sum of its isotypical components X = (B X^'^^ and we denote 

by X^"^"^ the component which corresponds to the trivial character rj^. Set A = A(F)'^^"). Let 
"H denote the algebra of power series with coefficients in Qp which converge on the open unit 
disk. We will denote again by % the associated large Iwasawa algebra ^(Fi). In this paper we 
consider only the trivial character component of the module of |>-adic L-functions because it 
is sufficient for applications to trivial zeros, but in the general case the construction is exactly 
the same. We keep notation and assumptions of section 0.2 Assume that the weak Leopoldt 
conjecture holds for (F,77o) and (V'*(l),?7o)- We consider global and local Iwasawa cohomology 
Rriw,s(r) = RFs(A(F) Tf) and RFiw(Q„,T) = RF(Q,,(A(F) Tf) where i is the 
canonical involution on A(F). Let be a regular submodule of Deris (^)- For each non archimedian 
place V we define a local condition at v in the sense of [Ne2] as follows. If w / p we use the 
unramified local condition which is defined by 

Rrj^';}(Q^, iv, T) = RF[^';j.(Q„, r) = [r^- ® a^ A r^" ® A' 

where ly is the inertia subgroup at v and is the geometric Frobenius. li v = p we define 

RFi;^';^(Q„iV,r) = (iV®A)[-l]. 
The derived version of the large exponential map Exp^/i, /i » (see [PRl]) gives a morphism 

Rf£';}(Q,, A^,T) ^ RF£°)(Qp,r) 0^. 
Therefore we have a diagram 

R-r£°i(r) ®A n © RF£°)(Q,,r) ®a n 



Let Rf|^°|j(D, V) denote the Selmer complex associated to this data. By definition it sits in the 
distinguished triangle 

RF£°i(L>,y) ^ (RF£°i(F) © (^®m:'^^]{Qy,D,v)y^ (^^© rf£°)(q,,f)) ®h. 

(0.1) 
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Define 



Ai^,^(iV,r) = detX' (^^{TUt) ® f © Rr;;°) (Q,,iV,r)')') ® detA ( © 
V ' \ves '■' J J \vei 



Rri;°^(Q.,r)). 

S 



Our results can be summarized as follows (see Theorems 5.1.3, 5.2.5 and Corollary 5.2.7). 

Theorem 1. Assume that ^{V,D) ^ 0. Then 

i) The cohomology R*r|^''|^(Z?, V) are T-L-torsion modules for all i. 

ii) Rt£°J^(L», F) = /or i / 2, 3 and 

Hi) The complex 'SiT^\{D,V) is semisimple i.e. for each i the natural map 
is an isomorphism. 

Assume that ^{V, D) ^ 0. Let /C be the field of fractions of "H. Then Theorem 1 together 
with (0.1) define an injective map 

iv,i^,h ■ Ai^^h{N,T) ^ JC 
and the module of p-adic L-functions is defined as 

^iliiN,T) = iv,i^,h{^i^AN,T)) C K. 

Let 7i be a fixed generator of Fi. Choose a generator /(71 — 1) of the free A-module L^^^jjl-ZV, T) 
and define a meromorphic p-adic function 

Li^,^(T,Ar,s) = /(x(7i)^-l), 

where x ■ L — Z* is the cyclotomic character. 

Theorem 2. Assume that ^{V, D) ^ 0. Then 

1 ) The p-adic L-function Liy,^h{T, N, s) has a zero of order e = dim^^ (D'^^p ) at s = 0. 

2) One has 

^iV^(^'^'Q) ■ rihr^m c,^y J,, J,. #m(r-(i)) Tam° , (r) 

Rv,d{^t,n) ''^^^ J^{V,V)t ^HUV/T)#Hl{V*{l)/T*{l)y 

where III(T*(1)) is the Tate-Shafarevich group of Bloch-Kato [BK] and Tam2,j^(T) is the product 
of local Tamagawa numbers ofT. 

Remarks. 1) Using the compatibility of Perrin-Riou's theory with the functional equation we 
obtain analogous results for the Lp{T*(l),N-^,s) (see section 5.2.9). 

2) It Dcris(^)'^^"'^ = Dcris(^)'^^^ = the phenomenon of extra zeros docs not appear, 
^(y,D) = 1 and Theorem 2 was proved in [PR2], Theorem 3.6.5. We remark that even in this 
case our proof is different. We compare the leading term of L^^ f^{T, N, s) with the trivialisation 
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iu;M,p '■ ^Ep{T) — Qp of the Euler-Poincare line Aep{T) (see [F3]) and show that in compatible 
bases one has 



Rv,d{^v,n) 



T{hf+^'^^{V,D)£+{V,D) W,p(AEp(r)) (0.2) 



(see Theorem 5.2.5). Now Theorem 2 follows from the well known computation of ioj,^^p (Aep(T)) 
in terms of the Tate-Shafarevich group and Tamagawa numbers ( [FP] , Chapitre II) . 

3) Let £^/Q be an elliptic curve having good reduction at p. Consider the p-adic representation 
V = Sym^ {Tp{E)) ® Qp, where Tp{E) is the p-adic Tate module of E. It is easy to see that 

D = Dcris(^)'^^^ is one dimensional. In this case some versions of Theorem 2 were proved 
in [PR3] and [D] with an ad hoc definition of the ^-invariant. Remark that p-adic L-functions 
attached to the symmetric square of a newform were constructed by Dabrowski and Delbourgo 
[DD]. 

4) Another approach to Iwasawa theory in the non-ordinary case was developped by Pottharst 
in [Ptl], [Pt2]. Pottharst uses the formalism of Selmer complexes but works with local conditions 
coming from submodulcs of the {(p, r)-module associated to V rather then with the large expo- 
nential map. This approach has many advantages, in particular it allows to develop an interesting 
theory for representations which are not necessarily crystalline. Nevertheless it seems that the 
large exponential map is crucial for the study of extra zeros at least in the good reduction case. 

5) The Main conjecture of Iwasawa theory [PR2], [C2] says that the analytic p-adic L- function 
Lp{N,T, s) multiplied by a simple explicit F-factor depending on h can be written in the form 

Lp[N, T, s) = /(x(7i)* — 1) for an appropriate generator /(71 — 1) of h[^]^[N, T). Therefore the 
main conjecture implies Bloch-Kato style formulas for special values of Lp{N,T,s). We remark 
that the Bloch-Kato conjecture predicts that 

L*{M,0) #m(T*(l))TamO^(T) 



Rm,o.M " #H%{V/T)#Hl{y*{\)/T*{\)) 

and therefore Theorem 2 implies the compatibility of our extra zero conjecture with the Main 
conjecture. Note that this also follows directly from (0.2) if we use the formalism of Fontaine 
and Perrin-Riou [F3] to formulate Bloch-Kato conjectures. 

0.4. The organisation of the paper is as follows. In §1 we review the theory of ((y?, r)-modules 
which is the main technical tool in our definition of the =Sf -invariant. We also give the derived 
version of computation of Galois cohomology in terms of {(p, r)-modules. This follows easily from 
the results of Herr [HI] and Liu [Li] and the proofs are placed in Appendix. Similar results can 
be found in [Ptl], [Pt2]. In §2 we recall preliminaries on the Bloch-Kato exponential map and 
review the construction of the large exponential map of Perrin-Riou given by Berger [Ber3] using 
again the basic language of derived categories. The jC-invariant is constructed is section 3.1. In 
section 3.2 we relate this construction to the derivative of the large exponential map. This result 
plays a key role in the proof of Theorem 2. The extra zero conjecture is formulated in §4. In §5 
we interpret Perrin-Riou's theory in terms of Selmer complexes and prove Theorems 1 and 2. 



Acknowledgements. I am very grateful to Jan Nekovaf and Daniel Delbourgo for several 
interesting discussions and comments concerning this work. 
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§1. Preliminaries 

1.1. r)-modules. 

1.1.1. The Robba ring (see [Berl],[C3]). In this section K is a finite unramified extension of 
Qp with residue field kpc, Ok its ring of integers, and a the absolute Frobenius of K. Let K an 
algebraic closure of K, Gk = Gsl{K / K) and C the completion of K. Let Vp : C — > M U {oo} 

denote the p-adic valuation normalized so that Vp{p) = 1 and set \x\p = ( p ) • Write B{r, 1) 
for the ;>-adic annulus B(r, 1) = {x G C | r ^ |a;| < 1}. As usually, ^p^ denotes the group of 
p"-th roots of unity. Fix a system of primitive roots of unity e = (Cp")n^O; Cp" G ^p" such that 
Cp" = Cp"-i for all n. Set = K{Cp..), = IJ^^o ^n, Hk = Ga\{KfK^), F = Gb^{K^/K) 
and denote by x • -T — >■ the cyclotomic character. 
Set 

E+ = ^m Oc/vOc = {x = {xo,xi, ... ,a:„, . . . ) | = Vi G N}. 

Let E Oc be a lifting of a;„. Then for all m ^ the sequence converges to x^"*) = 

lim„_).oo ^m+n ^ which does not depend on the choice of liftings. The ring E"*" equipped with 
the valuation ve{x) = Wp(x^°-') is a complete local ring of characteristic p with residue field kx- 
Moreover it is integrally closed in his field of fractions E = Fr(E"'"). 

Let A = W(E) be the ring of Witt vectors with coefficients in E. Denote by [ ] : E — > W(E) 
the TeichmuUer lift. Any u = {uq, Ui,.. .) G A can be written in the form 



u = 

n=0 

Set TT = [e] — 1, A^^ = OKo[[7r]] and denote by Ak the p-adic completion of A^ [^/t^]- 
Let B = A Bk = Ak and let B denote the completion of the maximal unramified 

extension of B^ in B. Set A = B n A, A+ = W(E+), A+ = A+ n A and B+ = A+ [l/p] . All 
these rings are endowed with natural actions of the Galois group Gk and Frobenius (p. 

Set Ak = A^^ and B^ = Ak [^/p] ■ Remark that F and tp act on B^ by 

r(7r) = (1 + 7r)^(^) - 1, tGF 
(/p(7r) = (l + 7r)P-l. 

For any r > define 

fit-'- = |x G B I lim (vE{xk) + k] = +oo] . 

Set Bt''^ = B n Bt.'-, B^'^ = B^ n Bt-*-, Bt = U Bt'*^ At = A n Bt and B"[^ = U 

^ r>0 ^ r>0 ^ 

It can be shown that for any r ^ p — 1 



B 

Define 



l^'^ = < /(tt) = E afcTr'^ I Ofc G and / is holomorphic and bounded on B{r, 1) 
I feez 

^ligK ~ { /(^) ~ E c^fcTr'^ I ttfe G and / is holomorphic on B{r, 1) > . 

I fcez J 
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Set n{K) = U ^ and 7^+ {K) = n{K) n if [[tt]] . It is not difficult to check that these rings 

are stable under V and To simplify notations we will write H = 7^(Qp) and T?."*" = 7?."'"(Qp). 
As usual, we set 

t = log(l + 7r) = G7^ 

77, 

n=l 

Note that = pt and r(t) = x(7)i, r G T. 

1.1.2. ((^, r)-modules (see [F2], [CCl]). Let A be either or 7^(/^). A ((^, T) -module over A 
is a finitely generated free 74-modulc D equipped with semilinear actions of (p and F commuting 
to each other and such that the induced linear map ip : A ®^ D — > D is an isomorphism. Such 
a module is said to be etale if it admits a A|^-lattice N stable under tp and F and such that 
ip : A|^ Cx);^ — > A?^ is an isomorphism. The functor D h-> TZ{K) Cx3gt D induces an equivalence 

between the category of etale {p, F)-modules over b]^ and the category of (v?, F)-modules over 
'R-iK) which are of slope in the sense of Kedlaya's theory ([Ke] and [C5], Corollary 1.5). Then 
Fontaine's classification of p-adic representations [F2] together with the main result of [CCl] lead 
to the following statement. 

Proposition 1.1.3. i) The functor 

Dt : y ^ Dt(y) = (Rt y)^'^ 

establishes an equivalence between the category of p-adic representations of Gk and the category 
of etale {ip, T)-modules over B|^. 

a) The functor Djig(V) = n{K) Dt(V) gives an equivalence between the category of 
p-adic representations ofGx and the category of {p,V) -modules over1Z{K) of slope 0. 

Proof, see [C4], Proposition 1.7. 

1.1.4. Cohomology of F)-modules (see [HI], [H2], [Li]). Fix a generator 7 of F. If D is a 
((/?, F)-module over A, we denote by C(^,-y(D) the complex 

C^,^(D) : O^D^D©dAd^O 

where fix) = {{<p - 1) x, (7 - 1) x) and giy, z) = - 1) y - (p - 1) z. Set WiD) = H\C^,^{D)). 
A short exact sequence of ((^, F)-modules 

^ D' ^ D D" 

gives rise to an exact cohomology sequence: 

^ iJ°(D') ^ iJ°(D) ^ F°(D") jy^(D') ^ > H^iU") 0. 

Proposition 1.1.5. Let V be a p-adic representation of Gk- Then the complexes Rr[K,V), 
Gp^jCD^ (V)) and C'<^,7(Djig(V')) are isomorphic in the derived category of Qp-vector spaces 

Proof. This is a derived version of Herr's computation of Galois cohomology [HI]. The proof is 
given in the Appendix, Propositions A.3 and Corollary A. 4. 
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1.1.6. Iwasawa cohomology. Recall that A denotes the Iwasawa algebra of Fi, A = Gal{K-i/K) 

and A(r) = Zp[A] (^Zp A. Let l : A(r) — > A(r) denote the involution defined by L{g) = g~'^ , 
51 G r. If T is a Zp-adic representation of Gk, then the induced module Indx^ /k{T) is isomorphic 
to (A(r) (g)Zp Ty and we set 

Write Hl^ {K, T) for the Iwasawa cohomology 

HUK,T)= ^ H\K^,T). 

Recall that there are canonical and functorial isomorphisms 

Rri^(i^,r) ^^(r) Zp[G„] ~ Rr(K„,r) 

(sec [Nc2], Proposition 8.4.22). The interpretation of the Iwasawa cohomology in terms of {(p, T)- 
modules was found by Fontaine (unpublished but see [CC2]). We give here the derived version of 
this result. Let ^ : B — >■ B be the operator defined by the formula ijj^x) = ^ (TrB/(^(B) {xYj . 
We see immediately that ipoip = \d. Moreover if) commutes with the action of Gk and = 
Consider the complexes 

Ciw,^(r) : D(r) ^ D(r), 
Cl^^{T) : Dt(r) ^ Dt(r). 

Proposition 1.1.7. i) The complexes Yiri^{K,T), Ciyv^^{T) and Cj^ ^{T) are naturally iso- 
morphic in the derived category D(A(r)) of k{T) -modules. 

Proof. See Proposition A. 7 and Corollary A. 8. 

1.1.8.(99, r)-modules of rank 1. Recall the computation of the cohomology of (i^, r)-modules 
of rank 1 following Colmcz [C4]. As in op. cit., we consider the case K = Qp and put TZ = bJj^ q 

and 7^+ = B;t . The differential operator d = {I+tt)-^ acts on 7^ and 7^+. If (5 : Q! -> Q! is 

a continuous character, we write 71(6) for the (</?, r)-module TZes defined by ip{es) = 6{p)es and 
7(65) = S{x{t)) 65. Let X denote the character induced by the natural inclusion of Qp in L and 
\x\ the character defined by \x\ = p~'"p^^K 

Proposition 1.1.9. Let (5 : Q* — )■ Q* 6e a continuous character. Then: 
i) 



a) 



Ipt"" if (5 = x-"", keN 
otherwise. 



2 if either 6{x) = x m ^ or 6{x) = \x\x"^, k ^ 1, 
1 otherwise. 
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Hi) Assume that 5{x) = x m'^ 0. The classes c\(t'^,0)es and cl{0, t'^)es form a basis of 

H^nix-"")). 

iv) Assume that S{x) = |x|a;"*, m ^ 1. Then H^{TZ{\x\x'^)), m ^ 1 is generated by cl{am) and 
c\{f3rn) where 



(m — 1)! V ' ^ 



6,- 65, - = (l-x(7)7)b 



Proo/. See [C4], sections 2.3-2.5. 



1.2. Crystalline representations. 

1.2.1. The rings Bcris and Bjr (see [Fl], [F4]). Let 6q : A+ — )• Oc be the map given by the 
formula 

(CxD \ OO 

n=0 / n=0 

It can be shown that is a surjective ring homomorphism and that ker(0o) is the principal ideal 
generated by a; = ^ [e]*'^. By linearity, 9q can be extended to a map 9 : B+ — C. The ring 

i=0 

■^dR i^ defined to be the completion of B+ for the ker(^)-adic topology: 

B^R = ]imB+//eer(^)". 

n 

This is a complete discrete valuation ring with residue field C equipped with a natural action of 

_ ^ 
Gk- Moreover, there exists a canonical embedding K C B^j^. The series t = (— l)"~"'^7r"/n con- 

n=0 

verges in the topology of B^j^ and it is easy to see that t generates the maximal ideal of B^j^. The 
Galois group acts on t by the formula g{t) = x(5)^- Let B^jr = B^j^[t~^] be the field of fractions 
of B^j^. This is a complete discrete valuation field equipped with a G^-action and an exhaustive 
separated decreasing filtration FiPBdR = i*B^j^. As Gjc-module, FiPBdR/FiP+^BdR C{i) and 

B^r = K. 

Consider the PD-envelope of A"*" with a respect to the map 



PD 



2! ' 3! 



and denote by A+j^ its p-adic completion. Let B+j^ = A+j^ Qp and BcHs = B^j^ft"^]. Then 
Bcris is a subring of Bjr endowed with the induced filtration and Galois action. Moreover, it 
is equipped with a continuous Frobenius ip, extending the map : A+ — > A+. One has ip{t) = pt. 

1.2.2. Crystalline representations (see [F5], [Berl], [Ber2]). 

Let L be a finite extension of Qp. Denote by K its maximal unramified subextension. A filtered 
Dieudonne module over L is a finite dimensional K- vector space M equipped with the following 
structures: 
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• a cr-semilinear bijective map cp : M ^ M; 

• an exhaustive decreasing filtration (FiYMl) on the L-vector space Ml = L ®k M. 
A /iT-linear map f : M ^ M' is said to be a morphism of filtered modules if 

• f{ip{d)) = ip{f{d)), foralldGM; 

• /(FiPMi) C FiPM^, for all i G Z. 

The category MF^ of filtered Dieudonnc modules is additive, has kernels and cokernels but 
is not abelian. Denote by 1 the vector space Kq with the natural action of a and the filtration 
given by 

K, ifi^O, 
FiPl ' ' 



0, ifi> 0. 

Then 1 is a unit object of MF^ i.e. M0l~l(8)M~Mfor any M. 

If M is a one dimensional Dieudonne module and d is a basis vector of M, then ip{d) = av for 
some a E K. Set tN{M) = Vp{a) and denote by t//(M) the unique filtration jump of M. If M is 

d d 

of an arbitrary finite dimension d, set t^iM) = tN{f\M) and tniM) = tH{f\M). A Dieudonne 
module M is said to be weakly admissible if tniM) = tN{M) and if tff(M') ^ tN{M') for any 
93-submodule M' C M equipped with the induced filtration. Weakly admissible modules form a 
subcategory of MF/, which we denote by MF^'-^. 

If y is a p-adic representation of Gl, define T)dR(y) = (BdR ^ V)^'^. Then DdR(y) is a 
L-vector space equipped with the decreasing filtration FiPDdR(l^) = (FiPBdR <8) V)^^. One 
has dim/,DdR(y) ^ di'niQ^{V) and V is said to be de Rham if dimLDdR(y) = diniQ^iV). 
Analogously one defines Y)cYis{V) = (Bcris^V)'^^ ■ Then Dcrisl^) is a filtered Dieudonne module 
over L of dimension dim^ Deris ^ dimQp(y) and V is said to be crystalline if the equality 
holds here. In particular, for crystalline representations one has DdR(T^) = Dcris(y) '^k L. By 
the theorem of Colmez-Fontaine [CF], the functor Deris establishes an equivalence between the 
category of crystalline representations of and MF^'-'^. Its quasi-inverse Vcris is given by 

V,,UD) = FilO(I) ^Ko Bcris)'^='- 

An important result of Berger ([Ber 1], Theorem 0.2) says that Dcris(V') can be recovered from 
the {ip,T) -module Dj;„(y). The situation is particularly simple if If L/Qp is unramified. In this 
case set D+(F) = (F B+)^^ and Dtg(y) = n+{K) D+(F). Then 



Dcris(^) = ( D+g(F) 



(see [Ber2], Proposition 3.4). 



^2. The exponential map 



2.1. The Bloch-Kato exponential map ([BK], [Nel], [FP]). 

2.1.1. Cohomology of Dieudonne modules. Let L be a finite extension of Qp. Recall that 
we denote by MF^ the category of filtered Dieudonne modules over L. If M is an object of MF^, 
define 

i?^(L,M) = Extj^p.(l,M), i = 0,l. 
Remark that H*{L, M) can be computed explicitly as the cohomology of the complex 

C"(M) : M -U (Mi/Fil°Mi) © M 

where the modules are placed in degrees and 1 and f{d) = {d (mod Fil°Mx,), (1 — (d)) 
([Nel],[FP]). Remark that if M is weakly admissible then each extension 0— >-M— )-M'^l— >-0 
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is weakly admissible too and we can write W{L,M) = Ext^p^j:(l, M). 

2.1.2. The exponential map. Let Repcris(Gi^) denote the category of crystalline representa- 
tions of Gk- For any object V of HepcrisiG k) define 

iy>(i^,V) = Exti,,p^^,^(c^)(Q,(0),y). 

An easy computation shows that 

H^\K,V), ifi = 0, 

H}{K, V) = \ ker {H^{K, V) ^ H^{K, V ® B„i,)), if i = 1, 
0, if z ^ 2. 

Let tv{K) = DdR(F)/Fil°DdR(F) denote the tangent space of V. The rings B^r and Bens are 
related to each other via the fundamental exact sequence 

^ Qp ^ BeHs ^ BdR/Fil°BdR ® Boris ^ 

where f{x) = {x (mod Fil°BdR), (1 — tp) x) (see [BK], §4). Tensoring this sequence with V and 
taking cohomology one obtains an exact sequence 

-> i?°(K, V) -> D„is(^) -> tv{K) e D„is(^) -> H}{K, V) -> 0. 

The last map of this sequence gives rise to the Bloch-Kato exponential map 

expy^K ■■ tv{K)(S)'Dcris{V)->H\K,V). 

Following [F3] set 

Rrf{K,V) = C"(Deris(V^)) = [T>cris{V) ^ tv{K) (S)-DcrUV) 

Prom the classification of crystalline representations in terms of Dieudonne modules it follows 
that the functor Vcris induces natural isomorphisms 

: K'TfiK, V) ^ H}{K, V), z = 0, L 

The composite homomorphism 

tK(y)®-D,,i,{V) ^B}Tf{K,V) ^ H\K,V) 
coincides with the Bloch-Kato exponential map expy^^ ([^el], Proposition 1.21). 

2.1.3. The map 'Rrf{K,V) -> TiT{K,V). Let g : B* C he a morphism of complexes. 
We denote by Tof{g) the complex Tot"(5) = B"" with differentials d"" : Tot^-ig) 
Tot"+i(c/) defined by the formula c/"(c,6) = ((-1)"3"(6) + d"-i(c), d"(6)). It is well known 

that if — A* ^ C* — is an exact sequence of complexes, then / induces a quasi 
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isomorphism A* Tot* (5). In particular, tensoring the fundamental exact sequence with V, we 
obtain an exact sequence of complexes 

-> Kr{K, V) CHGk, V ® Beris) ^ CI{Gk, {V ® (BdR/FilORdR)) (F ® B„is)) -> 

which gives a quasi isomorphism Rr(i^', V) Tot*(/). Since Rr/(i^', V) coincides tautologically 
with the complex 

V ® B„is) ^ C^c{Gk, {V ® (BdR/FOBdR)) ® {V ® B„is)) 

we obtain a diagram 

Rr(K,y)— :-^Tof(/) 



BTfiK.V) 

which defines a morphism YiTf{K,V) -> 'RT{K,V) in (see [BF], Proposition 1.17). Re- 

mark that the induced homomorphisms 'WV f{K,V) — )■ W{K,V) {i = 0,1) coincide with the 
composition of Vy^ with natural embeddings Hj,{K, V) — )■ H^{K, V). 

2.1.4. Exponential map for (93, r)-modules. In this subsection we define an analog of the 
exponential map for crystalline r)-modulcs. Sec [Na] for a more general setting. Let K/<Qp 
be an unramified extension. If D is a {ip, r)-module over 'R-{K) define 

Deris (D) = (D[l/t])^ 

It can be shown that Peris (D) is a finite dimensional JC- vector space equipped with a natural 
decreasing filtration FiPPcrislD) and a semilinear action of (p. One says that D is crystalline if 

dimx(I?cris(D)) = rg(D). 

Prom [Ber4], Theoreme A it follows that the functor D i-)- P^rislD) is an equivalence between the 
category of crystalline ((/?, r)-modules and MF^. Remark that if V is a p-adic representation of 
Gk then DcrislV") = X'cris(Djig(F)) and V is crystalhne if and only if Dtg(y) is. 

Let D be a (</?, r)-module. To any cocycle a = {a,b) G Z^(C,^_^(D)) one can associate the 
extension 

^ D ^ D„ ^ n{K) 

defined by 

'D„ = D@n{K)e, {(p-l)e = a, (7 - 1) e = 6. 

As usual, this gives rise to an isomorphism iJ^(D) c± Ext^(7?.(i^), D). We say that c1(q!) is 
crystalline if dim^ ('Z?cris(Da)) = dim^ ('Z^cris(D)) + 1 and define 

H}{T>) = {cl(a) G i^^(D) | cl(a) is crystalline} 

(see [Bcn2], section 1.4.1). If D is crystalline (or more generally potentially semistable ) one has 
a natural isomorphism 

Fl(i^,I?cris(D))->if)(D). 
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Set to = f cris(D)/Fil°I>cris(D) and denote by exp^ : to ©^cris(D) — > iJ^(D) the composition 
of this isomorphism with the projection tr> © "DcrisCD) — )■ "Deris (D)) and the embedding 

HjCD) ^ H^-D). 

Assume that = Qp. To simphfy notation we will write D„ for 7l{\x\x"^) and for its 
canonical basis. Then Peris (Dm) is the one dimensional Qp-vector space generated by t~^em- 
As in [Ben2], we normalise the basis (c^a^,)) c1(/3to,)) of H^^D^) putting = (1 — 1/p) cl(am) 
and P*r, = {l- l/p) log(x(7)) cl(/3m)- 

Proposition 2.1.5. i) HjCDrn) is the one- dimensional Qp-vector space generated by aj^- 
ii) The exponential map 

sends t~'^Wm to —ct^- 

Proof. This is a reformulation of [Ben2], Proposition 1.5.8 ii). 



2.2. The large exponential map. 

2.2.1. Notation. In this section p is an odd prime number, is a finite unramified extension 
of Qp and a the absolute Probenius acting on K. Recall that = K{(pn) and K^o = U^^i^ri- 

We set r = Gal{K^/K), r„ = GaliK^/K^) and A = Gal{Ki/K) . Let vl = ZpUFi]] and 
A(r) = Zp[A] A. We will consider the following operators acting on the ring of formal 

power series with coefficients in K: 



• The ring homomorphism a : K[[X]] K[[X]] defined by a j ^o^X^ | =^a{ai)X'; 

• The ring homomorphism (p : K[[X]] K[[X]] defined by 



U=0 / i=0 



i=0 / i=0 



• The differential operator d = {1 + X)^—. One has d o (p = p^pod. 

dX 



• The operator V : K[[X]] K[[X]] defined by V(/(^)) = -^"^ ( Yl fiC^ + ^K " 1) ) • 
It is easy to see that is a left inverse to ip, i.e. that ■0 o = id. 

aiX' j = aa{Xy, j{X) = (1 + x)'^(t) - 1. 

i=Q / i=0 

Remark that these formulas are compatible with the definitions from sections 1.1.1 and 1.1.6. 
Fix a generator 71 G Fi and define 

n = {/(71 - 1) I / G Qp[[X]] is holomorphic on B{0, 1)}, n{r) = Zp[A] ®. U. 



2.2.2. The map Hy^. It is well known that Zp[[Ar]]^ is a free A-module generated by 
(1 + X) and the operator d is bijective on Zp[[X]]'^=°. If V is a crystalline representation of 
Gk put V{V) = Deris(V) Zp[[X]]^=o. Let S|.„ : I?(y)r„[-1] ^ Rrj(if„, V) be the map 
defined by 

^""(ELil'^ ^ </')-'«(Cp- - 1), -a(0)) if n ^ 1, 
Tr^,/K (H^ ,(a)) if n = 0. 



Sy,n(a) 
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An easy computation shows that S^q : Dcris(V')[— 1] — ^ f{K,V) is given by the formula 

^v,oia) = ^{-V~Ha),-{p-'i-)a). 
In particular, it is homotopic to the map a —(0, (1 — p~^^p~^) a). Write 

denote the homomorphism induced by 3y„- Then 

If Dcris(^)'^^^ = the operator 1 — (/9 is invertible on Dcris(^) and we can write 

"t-.oC^) = [^—YZrf- o) (mod DeHs(V)/V«-). (2.1) 
For any i G Z let Aj : ^^"^0^) ^ q (•^^ be the map given by 

Ai{a{X)) = d'a{0) ® e^' (mod (1 - pV)DeHs(V)). 

Set A = eigzAj. If a G 'D{V)^=^, then by [PRl], Proposition 2.2.1 there exists F G Dcris(V^) <8)Qj, 
Qp[[X]] which converges on the open unit disk and such that (1 — ip)F = a. A short computation 
shows that 

Sy,n(«)=P""((^^®'^)""(^)(Cp"-l),0) (modD„is(^)/V^''"), if n > 1 
(see [BB], Lemme 4.9). 

2.2.3. Construction of the large exponential map. As Zp[[X]] [1/p] is a principal ideal 

domain and Ti is Zp[[X]] [1/p] -torsion free, Ti is flat. Thus 

CL,4V) H{T) = Cl^^iV) ®A,^ H{T) = [n{r) ®A«, Dt(y) ^ ^(D ®A,^ Ti\V)_ . 
By proposition 1.1.7 on has an isomorphism in T>{'H{T)) 

The action of ^(F) on Dt(y)'/'=i induces an injection ^(F) ®a^^ Dt(y)^=i ^ Ti\.^{y)'^=^ . 
Composing this map with the canonical isomorphism Hl^{K,V) ~ D^'(V)'^=^ we obtain a map 

'H{T)i^Aq^ Hi^iK, V) Dtg(y)'^=^ For any A; G Z set Vk = td-k = t^-k. An easy induction 

shows that Vfe-i o Vk-2 o • • • o Vo = t'^d''. 

Fix 1 such that Fil-''Dcris(V^) = Dcris(V^) and V{-h)^'< = 0. For any a G V{V)^=^ 
define 

0^y,Ja) = (-l)'^-ii^i^V^_ioV;._2 0---Vo(F(7r)), 

where F G 'H(V) is such that {1 - ip) F = a. It is easy to see that ^y^hi^^) G D;tg(T/)V'=i. In 
[Ber3] Berger shows that Qyf^{a) G 'H(r) (S)/!^^ Y)^V)^^^ and therefore gives rise to a map 

Let 

denote the map induced by Expy^ in degree 1. The following theorem is a reformulation of the 
construction of the large exponential map given by Berger in [Ber3] . 
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Theorem 2.2.4. Let 



denote the map induced by Exp^^. Then for any n ^ the following diagram in ^5(Qp[Gn]) is 
commutative: 



Rr/(ic„,y) 



Exp 



V,h,n 



{h-l)\ 



BI{K^,V). 



In particular, Expy ^ coincides with the large exponential map of Perrin-Riou. 
Proof. Passing to cohomology in the previous diagram one obtains the diagram 



V{V) 



A=0 



Exp| 



(h—l)\ cxdt^ r- 
DdR/;^„(F)©Deris(V^) ^ ^ 



which is exactly the definition of the large exponential map. Its commutativity is proved in 
[Ber3], Theorem 11.13. Now, the theorem is an immediate consequence of the following remark. 
Let D he a free ^-module and let /i, /2 : D[—l]^ K' be two maps from £•[—!] to a complex 
of ^-modules such that the induced maps and h{f2) : D — >■ H^{K') coincide. Then /i 

and /2 are homotopic. 

Remark. The large exponential map was first constructed in [PRl]. See [CI] and [Benl] for 
alternative constructions and [PR4], [Nal] and [Ri] for generalizations. 

§3. The =Sf-invariant 
S.l.Definition of the .=5f- invariant. 

3.1.1. PreUminaries. Let S be a finite set of primes of Q containing p and Gs the Galois 

group of the maximal algebraic extension of Q unramified outside S U {oo}. For each place v we 
denote by Gy the decomposition at v group and by I„ and fy the inertia subgroup and Frobenius 
automorphism respectively. Let F be a pseudo-geometric p-adic representation of Gs- This 
means that the restriction of V on the decomposition group at ^) is a de Rham representation. 
Following Greenberg, for any v ^ {p, oo} set 



Rr/(Q„y) 



where the terms are placed in degrees and 1 (see [F3], [BF]). Note that there is a natural 
quasi-isomorphism Rr/(Q^,y) ~ C*(G„//^, V^"). Note that R°r(Q^,y) = i?°(Q„,V) and 
Rir/(Q„,y) = H}{Qy,V) where 



H}iqy,v) = kei{H\q,,v) (q;;-^ ,v)). 
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For V = p the complex HT f{Qv,V) was defined in §2. To simplify notation write Hg{V) = 
H^{Gs, V) for the continuous Galois cohomology of Gs with coefficients in V. The Bloch-Kato's 
Selmer group of V is defined as 



We also set 



From the Poitou-Tate exact sequence one obtains the following exact sequence relating these 
groups (see for example [PR2], Lemme 3.3.6) 

We also have the following formula relating dimensions of Selmer groups (see [FP], II, 2.2.2) 

dimQ^ H}{V) - dimQ^ H}{V%1)) - dim^^ HUV) + dim^^ i^^(V*(l)) = 

dimQ^ tviQp) - dimq^ H°{R, V). 

Set d±(V) = dimQp(T/'^=='=^), where c denotes the complex conjugation. 

3.1.2. Basic assumptions. Assume that V satisfies the following conditions 
CI) Hj{V*il)) = 0. 
C2)HI{V) = HUV*{1)) = 0. 

C3) V is crystalhne at p and ip : Deris (V") — >■ Deris (^) is semisimple at 1 and p ^. 

C4) Deris(^)^=' = 0. 

C5) The localisation map 

locp : : H}{V) ^ H}{Qp,V) 

is injective. 

These conditions appear naturally in the following situation. Let X be a proper smooth variety 
over Q. Let Hp{X) denote the j3-adic etale cohomology of X. Consider the Galois representations 
V = Hp{X){m). By Poincare duality together with the hard Lefschetz theorem we have 

Hiixy 0, h;{x) (i) 

and thus V*{1) ~ V{i + l — 2m). The Beilinson conjecture (in the formulation of Bloch and Kato) 
predict that 

H}{V*{1)) = Q if ^^-2. 

This corresponds to the hope that there are no nontrivial extensions of Q(0) by motives of weight 
^ 0. If X has a good reduction at p, then V is crystalline [Fa] and the scmisimplicity of 93 is a 
well known (and difficult) conjecture. By a result of Katz and Messing [KM] Dcris(^)'^^^ 7^ 
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can occur only if i = 2m. Therefore up to eventually replace V by V'*(l) the conditions CI, 
C3-4) conjecturally hold with except the weight —1 case i = 2m — 1. 

The condition Dcris(^)'''"^ = imples that the exponential map iy(Qp) Hj{Qp,V) is an 
isomorphism and we denote by logy its inverse. The composition of the localisation map locp 
with the Bloch-Kato logarithm 

rv : H}{V) ^ tv{Qp) 

coincides conjecturally with the p-adic (syntomic) regulator. We remark that if H^{Qv, V) = for 
all V ^ p (and therefore Hj{Qv, V) = for all v p) then loCp is injective for all m 7^ i/2, z/2 + 1 
by a result of Jannsen ([Ja], Lemma 4 and Theorem 3). 

If Hg{V) 7^ 0, then V contains a trivial subextension Vq = Qp(O)'^. For Qp(0) our theory 
describes the behavior of the Kubota-Leopoldt ;?-adic L-function and is well known. Therefore 
we can assume that H^{V) = 0. Applying the same argument to V*{1) we can also assume that 

ifO(y*(i)) = o. 

Prom our assumptions we obtain an exact sequence 

o^i7)(v)^if;,„(y)^|M^„. ,3.1, 

Moreover 

dimQ^ H}{V) = dimQ^ V(Qp) - d+{V), 
dimQ^ Hl^^yiV) = d.{V) + dimQ^ H°{Qj,, V*{1)). 
3.1.3. Regular submodules. In the remainder of this §we assume that V satisfies Cl-5). 

Definition(PERRiN-Riou). 1) A (f-submodule D ofDcnsiV) is regular i/r> n Fil°Dcris(V) = 
and the map 

rv,D : ^Dcris(F)/(Fil°Deris(^) + £') 

induced by ry is an isomorphism. 

2) Dually, a ((^, N)-suhmodule D o/Dcris(^*(l)) is regular if D+Yi\^Ti^^;^(y* (I)) = Dcris(^*(l)) 
and the map 

Df}Fi\''Ti^,,,{V*{l))^H\VY 
induced by the dual map ry : Fil°Dcris(^*(l)) H^{V)* is an isomorphism. 
It is easy to see that if D is a regular submodule of Dcris(V'), then 

is a regular submodule of Dcris(^^*(l))- From (3.2) we also obtain that 

dimL> = d+{V), dimD^ = d_(F) = d+{V*{l)). 

Let D C Dcris(^) be a regular subspace. As in [Ben2] we use the semisimplicity of ip to 
decompose D into the direct sum 

D = L>_i ®L>^=f"\ 

which gives a four step filtration 

{0} cD.iCDc TicrUV)- 
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Let D and D_i denote the (</?, r)-submodules associated to D and by Berger's theory, thus 

D = ^cris(D), L>_1 = ^cris(D_i). 

Set W = groDjjg(V'). Thus we have two tautological exact sequences 

-> D -> Bl-^iV) -> D' -> 0, 
D_i ^0. 

Note the following properties of cohomology of these modules: 

a) The natural maps F^(D_i) -> i^^(D) and ^^(D) -> H^{T>l.^{V)) = H^{Qp,V) are 
injective. This follows from the observation that ^cris(D')'^^^ = by C4). Since if°(D') = 
Fil°^cris(D')'^"^ ([Ben2], Proposition 1.4.4) we have if°(D') = 0. The same argument works for 
W. 

b) if|(D_i) = if-^(D_i). In particular the exponential map expj-,^ : — > if-^(D_i) is 
an isomorphism. This follows from the computation of dimensions of i^^(D_i) and i^^(D_i). 

Namely, since .D^J^ = Dt^^ = {0} the Euler-Poincare characteristic formula [Li] together 
with Poincare duality give 

dimQ^ H\■D_^) = rg(D_i) - dim^^ i?°(D_i) - dim^^ H\-D*_^{x)) = dimQ^(Z^_i). 

On the other hand since 

FilOD_i = D_i n FilODeHs(l^) = {0} 

one has dim^^ iJj(D_i) = dimQp(Z)_i) by [Ben2], Corollary 1.4.5. 

c) The exponential map exp^, : D Hj(D) is an isomorphism. This follows from Fil^D = 
{0} and D^=i = {0}. 

The regularity of D is equivalent to the decomposition 

HjiQp, V) = H}{V) e H){T>). (3.3) 

Since locp is injective by C5), the localisation map ilj {p}(^) -f^^(Qp)^) is also injective. 
Let 

denote the composition of this map with the canonical projection. 
Lemma 3.1.4. i) One has 

a) kd is an isomorphism. 
Proof, i) Since H^(D') = we have a commutative diagram with exact rows and injective colomns 

> H}{B) y H}{qp,V) y H}{B') 



> H\-D) y H^{Qp,V) y H^CD') 
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This gives i). 

ii) Since Hj(D) C Hj{Qp,V) one has ker(Kz3) C Hj{Qp,V). One the other hand (3.3) shows 
that kd is injective on Hj{V). Thus ker(K£)) = {0}. On the other hand, because diniQ^ ffj(D) = 
dimQp (D) we have 

Comparing this with (3.2) we obtain that k/j is an isomorphism. 

3.1.5. The main construction. Set e = dimQp(D'''=*' ^). The ((/?, r)-module satisfies 

FilO^eris(Vr) = 0, 9orUWr=''~' = %UW). 

(Recall that ^cris(^) = D'^^p \) The cohomology of such modules was studied in detail in 
[Ben2], Proposition 1.5.9 and section 1.5.10. Namely, H^{W) = 0, dimq^ H^{W) = 2e and 
dimQp {W) = e. There exists a canonical decomposition 

H\W) = H}{W) ® Hl{W) 

of H^{W) into the direct sum of Hj{W) and some canonical space iJ^(W). Moreover there exist 
canonical isomorphisms 

iD,f ■ ^crUW)c^H}{W), iD,c ■■ ^crUW)c^Hl{W). 

These isomorphisms can be described explicitly. By Proposition 1.5.9 of [Ben2] 

i=l 

where = ■'^^{\x\x™-^), rrii ^ 1. By Proposition 2.1.5 Hj{D-fn) is generated by and Hl{Djn) 
is the subspace generated by (see also Proposition 1.1.9). Then 

Since H^{W) = and H'^{D-i) = we have exact sequences 

-> i^^(D_i) -> H^B) -> H^{W) -> 0, 
-ff/(D_i) HjiB) H}{W) 0. 

Since iJ)(D_i) = i?^(D) we obtain that 

H}{n) ^ H}{wy 

Let H^{D,V) denote the inverse image of iJ^(D)/iJj(D) by k^. Then kd induces an isomorphism 
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By Lemma 3.1.4 the localisation map H^{D, V) — H^{W) is well defined and injective. Hence, 
we have a diagram 

9crUW) H}{W) 



PDJ 



PD,J 



H\D,V) ^H\W) 



PD,c 



PD,c 



where pnj and pD,c are defined as the unique maps making this diagram commute. From 
Lemma 3.1.4 iii) it follows that pD,c is an isomorphism. The following definition generalise 
(in the crystalline case) the main construction of [Ben2] where we assumed in addition that 
Hj{V) = 0. 

Definition. The determinant 

^(V, D) = det [pdJ O PB!c I ^cris(W)) 

will he called the -invariant associated to V and D. 
3.2. .if-invariant and the large exponential map. 

3.2.1. Derivation of the large exponential map. In this section we interpret ^{V,D) in 
terms of the derivative of the large exponential map. This interpretation is crucial for the proof 
of the main theorem of this paper. Recall that H'^{%,U{V) V) = U{T) (g)A(r) H^^iQp, V) 
injects into Djjg(F). Set 

FoH\Qp,n{T) V) = BnH\Qp,n{r) V), 

F_iH\qp,nin V) = D_i n jyHQp,^(r) cx)q, v). 

As in section 2.2 we fix a generator 7 G T. The following result is a strightforward generalisation 
of [Ben3], Proposition 2.2.2. For the convenience of the reader we give here the proof which is 
the same as in op. cit. modulo obvious modifications. 

Proposition 3.2.2. Let D be an admissible subspace of Dcris(V'). For any a G L)'^=p ^ 

a E T^{V) be such that a{0) = a. Then 

i) There exists a unique P G FqH^{Qp,'H{T) (g) V) such that 

(7-l);3 = Exp|._^(a). 

ii) The composition map 

5D,h : D^=P" -> FoH\Qp,n{T) ®V) ^ H\W) 
= P (modF\D_i)) 

is given explicitly by the following formula: 

SdMc^) = -{h-lV- (1-^) (logx(7))"'^Ac(«)- 
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Proof. Since DcrisCl^)*^"^ = 0, the operator 1 — is invertible on DcrisCl^) and we have a diagram 

A=o Hi (Q^^ ^(r) ® V) 



where Hf.o(a) = ^ ~^ a(0) (see (2.1)). If a G D^=p'^ (g)Zp[[X]]^=o, then H|,o(a) = and 

I - LP 



' r 

H^iQp, V) is injective. Thus there exists a unique P G ■H(r)(8)A-ffi\,,(Qp, T) such that Expf,^(a) = 



pry [Exp\^f^{a)j = 0. On the other hand, as = the map [n{r) (^a^^ Hl^{Qp,V) 

H^{Qp, V) is injective. Thus there exists 
(7 - 1) p. Now take a G and set 

/ = a(^£ 



(1 + X)^(t) - 1 



1. (j^ 



where £{g) = - log y ^ . An easy computation shows that 

/ CX(7)(1 + X)X(7)-1 \ _ 

.-^/V C(i + ^)-i J 

Thus / G Dv=P"' ® Zp[[X]]^='^. Write a in the form a = (1 - (/p) (1 - 7) (a ® log(X)). Then 
^.y,.(a) = (-l)-^i^^t'^9^(7-l)(alog(.)) = i^^(7-l)/5 



where 



13 = {-l)f'-H^d^ialog{TT)) = {-if-^at^d^-^ 



1 + 7r 



TT 



This impUes immediately that ^ G D. On the other hand D'^=p = Vcns{W) = {W[l/t]y and 

e 

we will write a for the image of a in [1/t] . By [Ben2], sections 1.5.8-1.5.10 one has W ~ © D^^ 

1=1 

where = ^{\x\x'^) and we denote by the canonical base of D^- Then without lost of 
generality we may assume that a = t~^^emi some i. Let (3 be denote the image of (3 in W^^-^ 
and let : W'^=^ -> H'^{W) be the canonical map furnished by Proposition 1.1.7. Recall that 
hl0) = cl(c, where (1 - 7) c = (1 - Then ^ = (-i)h-ith-mi gh iog(7r). By Lemma 1.5.1 
of [CCl] there exists a unique bo G Bq^~° such that (7 — 1) 60 = ^(tt). This implies that 

(l-7)(i'^-™'5%e^J = (l-¥p)(t'^-'"'aMog(7r)e^J = - ^) p. 

Thus c = {-l)^-H^-"''d^boem, and res(ct'^«-idt) = (-l)''-ires(t''-i5'*6o(^i) e^, = 0. Next 
from the congruence jS = {h — l)!t~"*^em^ (mod Qp[[7r]]emJ- it follows that res^f^''^ dt) = 
{h — 1)! errn- Therefore by [Ben2], Corollary 1.5.6 we have 

cl(cj) = {h-l)\c\{l5^) = (/t-1)!^— |^i^^,(a). 
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On the other hand 

a(0) = a^e 
These formulas imply that 



+ - 1 



X 



X=Q 



a 1 - 



P 



log(x(7))- 



1 



and the proposition is proved. 

3.2.3. Interpretation of the =2f- invariant. Prom the definition of H^{D, V) and Lemma 3.1.4 
we immediately obtain that 

Thus, the map 5D,h constructed in Proposition 3.2.2 induces a map 

which we will denote again by 6D,h- On the other hand, we have isomorphisms 



H}{%.V) ^H}{Q„V) 



V) 



Proposition 3.2.4. Let \d : D'p=p 

gram 



— 1 —1 

-> D'^^P denote the homomorphism making the dia- 



J)V=P 



(h-iy.expy 



commute. Then 



det 



.D). 



Proof. The proposition follows from Proposition 3.2.2 and the following elementary fact. Let 
U = Ui (B U2 he the decomposition of a vector space U of dimension 2e into the direct sum of 
two subspaces of dimension e. Let X C J7 be a subspace of dimension e such that X nUi = {0}. 
Consider the diagrams 

U/X Ui 



P2 




where and ik are induced by natural projections and inclusions. Then / = —g. Applying this 
remark to U = H^{W), X = H^{D, V),Ui = Hj{W), U2 = H^{W) and taking determinants we 
obtain the proposition. 
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§4. Special values of p-adic L-functions 
4.1. The Bloch-Kato conjecture. 

4.1.1. The Euler-Poincare line (see [F3], [FP],[BF]). Let y be a p-adic pseudo-geometric 
representation of Gal(Q/Q). Thus y is a finite-dimensional Qp-vector space equipped witli a 
continuous action of the Galois group Gs for a suitable finite set of places S containing p. Write 
KTsiy) = C'{Gs,V) and define 

BTsAV) = cone (nTsiy) ^ Rr(Q,, V)] [-1]. 

\ veSu{oo} / 

Fix a Zp-lattice T of V stable under the action of Gs and set As{V) = det q^'RT s,c{y) and 
A.s{T) = det^^HTs^T). Then A.s(T) is a Zp-lattice of the one-dimensional Qp-vector space 
As{V) which does not depend on the choice of T. Therefore it defines a p-adic norm on As{V) 
which we denote by || • \\s- Moreother, {As{V), \\ ■ \\s) docs not depend on the choice of S. More 
precisely, if S is a finite set of places which contains 5", then there exists a natural isomorphism 
^s(^) ~^ ^s(^) such that || • ||s = || • This allows to define the Euler-Poincare line Aep(F) 
as [Asiy), II • \\s) where S is sufficiently large. Recall that for any finite place v E S we defined 

if V ^ p 
if V = p. 

At f = cxo we set Rr/-(M, = [V~^ — > 0] , where the first term is placed in degree 0. Thus 
Rr/(M, y) ^ Rr(M, y). For any v we have a canonical morphism loCp : Rr/(Q^,y) 
Rr(Q^, y) which can be viewed as a local condition in the sense of [Ne2]. Consider the diagram 

RFsiV) ^ e Rr(Q„F) 

?;eS'U{oo} 



© Rr/(Q„,y) 



and define 



Rrj(v) = cone fRrs(y) © f © Rr/(Q^,y)) -> © Rr(Q„,y)^ [-1]. 

\ Vt'eSu{oo} / t)esu{oo} / 

Thus, we have a distinguished triangle 

RF/Ci/) ->RrsCi/)© f © Rr/(Q„y)) ^ © Rr(Q„i/). (4.i) 

\?;eS'U{oo} / ?;eS'U{oo} 

Set 

Af{V) = detQ^^Rr/(F) ® det^hviQp) ® detQ^F+. 

It is easy to see that Rrj(y) and Af{V) do not depend on the choice of S. Consider the 
distinguished triangle 

Rrs,c(v) ^ Rr/(v) ^ © Rrj(Q„, v). 

veSu{oo} 
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Since detQpRr/(Qp, V) ~ detqHviQp) and detQpRr/(R, F) = detQ^V~^ tautologically, we ob- 
tain canonical isomorphisms 

Af{V) ~ detQ;Rr5,c(l^) ^ Aep(F). 
The cohomology of HTf{V) is as foUows: 

R°rj(y) = jyO(y), R'Tf{V) = H}{V), R^VfiV) H}{v*{i)r, 

K^TfiV) = coker ( HjiV) ^ H\Q,, V)] ~ ^^'^^ 

These groups seat in the following exact sequence: 

^ R^r(y) ^ hUv) -> ©f^i^ ^ ^'^^^^^ ^ 

Hj{v) e jy^(Q„, F) ^ R^r/(v) o. 

The L-function of V is defined as the Euler product 

L{V,s) = llE,{V,{Nv)-T' 

V 

where 

£;fFt) = /^"*(^--^^*l^ )' ^^^^^ 
' ^ 1 det(l-(^t|D„is(l^)) if v=p. 



4.1.2. Canonical trivialisations. In this paper we treat motives in the formal sense and 
assume all conjectures about the category of mixed motives AiAi over Q which are necessary to 
state the Bloch-Kato conjecture (see [F3], [FP]). Let M be a pure motive over Q and let Mb and 
MdR denote its Betti and de Rham realisations respectively. Fix an odd prime p and denote by 
V = Mp the p-adic realisation of M. Then one has comparision isomorphisms 

Mb ®Q C ^ MdR ®Q C, (4.3) 

Mb ^qQp^V (4.4) 

which induce trivialisations 

: detQMe ® det^^MdR ^ C, (4.5) 

0^^*'^) : detQ^F ® det^^MB -> Qp. (4.6) 

The complex conjugation acts on A/b and V and decomposes the last isomorphism into ± parts 
which we denote again by ri^*'^"* to simplify notation 

J^g*'^^ : detq^V^ ® det^^M^ ^ Q^. (4.7) 

The restriction of V on the decomposition group at is a de Rham representation and DdR(V) ~ 
-^dR <S>Q Qp- The comparision isomorphism 

V®BdR4DdR(y)(8)BdR (4.8) 
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induces a map 

: detQ^F®det^^^DdR(V)^BdR. 

It is not diflttcult to see tliat tliere exists a finite extension L of Q™" such that Im(r2^'^) C Lt*"^^^ 
and we define 

n^^'P^ : detq^V ® detQ^^DdR(V) ^ L (4.9) 

by '^^ = t-*«(^)QSjf'^\ We remark that if V is crystalHne at p then one can take -L = 
(see [PR2], Appendice C.2). 

Assume that the groups W{M) = ExtJ\4_y\4(Q(0), M) are weU defined and vanish for i 7^ 0, 1. It 
should be possible to define a Q-subspace Hj{M) of H^{M) consisting of "integral" classes of 
extensions which is expected to be finite dimensional. It is convenient to set Hj{M) = H^{M). 
The conjectures of Tate and Jannsen predict that the regulator map induces isomorphisms 

H}{M)®q%^H}{V), i = 0,l. (4.10) 

In this paper M will always denote a motive satisfying the following conditions 

Ml) M is pure of weight w ^ —2. 

M2) The p-adic realisation V of M is crystalline at p. 

M3) M has no subquotients isomorphic to Q(l). 

These conditions imply that H^{M) = i?°(M*(l)) = and H^{M*{1)) = by the weight 
argument, and by (4.10) the representation V should satisiy the conditions CI, 2,4) of section 
3.1.2. In particular, from (4.2) it follows that 

detQ^Rr;(y) ^ det^lHjiV). (4.11) 

The semisimplicity of is a well known conjecture which is actually known for abelian varieties. 
Finally C5) should follow from the injectivity of the syntomic regulator. 

The comparision isomorphism (4.3) induces an injective map 

and the six-term exact sequence of Fontaine and Perrin-Riou ([F3], section 6.10) degenerates into 
an isomorphism (the regulator map) 

rM,oo ■■ Hj{M) (g)Q R 4 coker(Q;jvf). 

The maps aM and rM,oo define a map 

-Rm,oo : detQ^iM(Q) ^ detQM+ detqHjiM) R 

Fix bases iOf G detQHj{M), & detQtM(Q) and uj^j^ G detQM+. Set ujm = (i^f^^tM^^M^) 
and define 
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Using (4.11) and the isomorphisms (4.10) define 

W,p : ^Ep{V) ^ det^HviQp) ® detQ^F+ ® detQ^H}{V) Qp (4.12) 
by X = W,p(a;) (wrM '^Mb '^^f)- 

Consider now the case of the dual motive M*(l). Again one has Aep{V*{1)) ~ Af{V*{l)) where 

Af{V*{l)) ~ detQ;ty.(i)(Qp) ® detQ^y*(l)+ ® detQ^i^)(y). 

The map q;m*(i) '■ -^*(1)b ®Q ^ ~^ ^m*(i)(I^) is surjective and it is related to q;m by the 
canonical dualit}' coker(aM) x ker(ajvf*(i)) ^ (see [F3], section 5.4). The six-term exact 
sequence degenerates into an isomorphism 

fM* (l),cx) 

: il)(M)* (g)QM ~ ker(aM•(l))• 
This allows to define a map 

(Q) (8) detQM*(l)+ (2) detQJT)(M) ^ M. 

Fix bases G detQtM*(i) (Q) and w+ .^^^^ G detQM*(l) + . Set tJM*(i) = (wt„.(,),w^.(i)j^, w/) 

and -RAf*(i),oo('^M*(i)) = -RM'(i),cx)(^^t^.(i) ®^m*(i)b ®^/)- '^^^^ ^g^^^ ^^^^ defines a triv- 
ialisation 

■■ Aep(F*(1)))^Qp. (4.13) 

It is conjectured that the L-functions L{V, s) and L{V*{1), s) are well defined complex functions 
have meromorphic continuation to the whole C and satisfy some explicit functional equation 
([FP] chapitre III). One expects that they do not depend on the choice of the prime p and we 
will denote them by L{M,s) and L{M*{l),s) respectively. The conjectures about special values 
of these functions state as follows. 

Conjecture (Beilinson-Deligne). The L-function L{M,s) does not vanish at s = and 

-n-M,oo(,^Mj 

The L-function L{M*{l),s) has a zero of order r = dimq^ Hj{M) at s = 0. Let L(M*(1), 0) = 
\im^^QS-''L{M*{l),s). Then 

L{M*{1),0) 

Rm*{1),oo 

Conjecture (Bloch-Kato). Let T be a Zp-lattice ofV stable under the action of Gs- Then 



W,p(AEp(r)) 



Rm,oo{^m) 



(A (T*(l))) - -^(^*(1)'0) z 

-KM*(l),ool'^M*(l)j 
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4.1.3. Compatibility with functional equation. The compatibihty of the Bloch-Kato conjec- 
ture with the functional equation fohows from the conjecture CEp{y) of Fontaine and Perrin-Riou 
about local Tamagawa numbers ([FP], chapitre III, section 4.5.4). More precisely, define 

r*{V) = Y[T*{-i)^^^^^ (4.14) 
where hi{V) = dimq^ (grj(DdR(F))) and 

m- 



{i-iy. ifi>0 

(~^)' if 7 < n 



The exact sequence 

^ iy.(i)(Qp)* ^ DdR(y) ^ tviQp) 

allows to consider cvm^r = <^tM <^ '^tiv]^.(i) ^ detQpDdR(V). Choose bases co^ G detzpT'+ and 
u)^ G detZpT" and set ut = co^ ® oo^ G detz^T and a;^,^-^^ = {oj^)* G detZj,T'*(l)+. Then the 
conjecture Cep{V) implies that 

A^MT*m ^ ^ oS^-)(^^,,,^^j w„(AEP(r)) 

''m*(1)v"^T*(1)''^M*(1)b^ M I^T'^Mb'' 

(see [PR2], Appendice C). We remark that for crystalline representations Cep{V) is proved in 
[BB08]. 



4.2. f)-adic L-functions. 

4.2.1. p-adic Beilinson's conjecture. Wc keep previous notation and conventions. Let M 
be a motive which satisfies the conditions Ml-3) of section 4.1.2 and let V denote the p-adic 
realisation of M. We fix bases i^^^ G detQMg, ut,^ G detQtM(Q) and w/ G detQifj(M). 
We also fix a lattice T in V stable under the action of Gs and a base oj^ G detzpT+. To 
simplify notation we will assume that the choices of oj'^^ and oo^ are compatible, namely that 

fl^^'^\uj^,uj~l^^) = 1. Let D be a regular subspace of Deris (^)- We fix a Zp-lattice N of D and 
a basis wtv G det^^A'^. By the analogy with the archimedian case we can consider the p-adic 
regulator as a map rv,D '■ Hj{V) — > coker(ay^23) where 

av,D ■■ D tviQp) 

is the natural projection. Set ujv,n = {'^tM^'^N,'^/) and denote by Rv,d{^^v,n) the determinant of 
rv,D computed in the bases oOf and oot,^ ^oj]^^ . Namely, Rv,d{ojv,n) is the image of w^"^® a; at (g) a;/ 
under the induced isomorphism 

Rv,D ■■ det^Hy (Qp) (g) detQ^Z? (g) detQ^Hj{V) -> Qp. 

Now, consider the projection 



EXTRA ZEROS 



29 



A standard argument from the linear algebra shows that av*{i),D-^ is surjective and is related to 
(Xv,D by the canonical duality coker(ay^£)) x ker(Q;y»(i) o) Qp- This defines isomorphisms 

detQ^^iv.(i)(Qp) ^detQpL*-^ ~ detQ^(ker(ay.(i)^o-L)) ^ det^^^ (coker (ay,c)) 

and composing this map with the determinant of rv,D we have again a trivialisation 

Rv'{i),D^ : det^Hv'(i){Qp) deiq^D^ (g) deiQ^H}{V) Qp. 

Choose a lattice N-^ c -D"*", fix bases ^n-^ of detQptv*{i){Qp) and detzpAT-*- respec- 

tively and set iOv,N-^ = i^tM^m^^N^i^f)- 

Perrin-Riou conjectured [PR2] that there exists an analytic p-adic L-function Lp{T,ujN,s) 
which interpolates special values of the complex L-function L{M,s). In particular one expects 
that if is not an eigenvalue of ip acting on D then Lp{T, ujn, s) does not vanish at s = and 

LpiT,N,0) ^ c(y^^) -^(^^0) 
Rv,d{i^v,n) Rm,oo{!^m) 

where 

£{V,D) = det(l -p-V"^ I D) det(l -p-V"^ I D^) = 

= det(l-p-V"^ I D) det(l-v' | Yi ^^i^{V) / D) . 

Dually it is conjectured that there exists a p-adic L-function Lp(T* (1), cjjv-l ) s) which interpolates 
special values of L(M*(1), s). One expects that if 1 is not an eigenvalue of (p acting on the quotent 
^cns{y*{'^))/ then Lp{T*{l),ujN^,s) has a zero of order r = dimQ i/j(M) at s = and 

Rv*{l),D^{^V*{l),N^) Rm'{\),oo{^m) 

These properties of p-adic L- functions can be viewed as p-adic analogues of Beilinson's conjectures 
and we refer the reader to [PR2], chapitre 4 and [C2], section 2.8 for more detail. Note that from 
the definition it is clear that £{y, D) = £{V*{1),D^). One can also write £{V, D) in the form 

£{V,D) = Ep{V,\)dQi( ^~^^'^ V ) • 

4.2.2. Trivial zero conjecture. Assume now that D'^^'p ^ ^ 0. Since M is crystalline at p, 
this can occur only if M is of weight —2. Set 

e = dimQpI?'^=p" = dimQp(D^ + T>,,,,{V* {l)Y=^) / D^). 

Assume that the p-adic realisation V oi M satisfies the conditions Cl-5) of section 3.1.2. De- 
compose D into the direct sum D = D_i © D'^^f and define 

£+{V,D) = £+{V*{l),D^) =dct(l-p-V"^ I ^-i) det(l-p-V"^ I D^)- (4.15) 
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We propose the following conjecture about the behavior of p-adic L-functions at s = 0. 

Trivial zero conjecture. Let D he a regular subspace of Deris (^)- Then 
1) The ^>adic X-function Lp{T, N, s) has a zero of order e at s = and 



Rv,d{i^V,n) Rm,oo{^m) 

2) The p-adic L-function Lp(r*(l), Ar-*-, s) has a zero of order e + r where r = diniQ Hj{M) 
at s = and 



Remarks. 1) If Hj{M) = the p-adic regulator vanishes and we recover the conjecture formu- 
lated in [Ben2], section 2.3.2. 

2) The regulators Rm,oo{^m) and Rv,d{'^v,n^) are well defined up to the sign and in order to 
obtain equalities in the formulation of our conjecture one should make the same choice of signs 
in the definitions of Rm,oo{^m) and Rv,d{i^v,n^)- See [PR2], section 4.2 for more detail. 

3) Our conjecture is compatible with the expected functional equation for p-adic L-functions. 
See section 2.5 of [PR2] and section 5.2.7 below. 

§5. The module of p-adic L-functions 
5.1. The Selmer complex. 

5.1.1. Iwasawa cohomology. Let F denote the Galois group of Q(Cp°°)/Q and r„ = Gal(Q((^poo)/Q(Cpr.)). 
Set A = Zp[[ri]] and A(r) = Zp[A] A- For any character r? G X{A) put 

' ' geA 

Then A(F) = © A(F)('') where A(F)('') = Ae„ and for any A(F)-module M one has a canonical 

rieX{A) 

decomposition 

M ~ ©^ex(A) M^'') , M^"^ = er, (M) . 
We write rjo for the trivial character of A and identify A with A(F)e^(,. 

Let y be a p-adic pseudo-geometric representation unramified outside S. Set d{V) = dim(l/) and 
d±{V) = dim(y^=±i). FixaZp-latticeTofy stable under the action of Gg. Let i : A(F) ^ A(F) 
denote the canonical involution g g~^. Recall that the induced module IndQ(^ ^yQ{T) is 
isomorphic to (A(F) Oz^, T)' ([Ne2], section 8.1). Define 

HUQv,T) = HHQv, (A(F) TY) for any finite place v. 
From Shapiro's lemma it follows immediately that 
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Set Hi^,siV) = Hi^siT) % and Hi^{Q,,V) = HiJQ,,T) Qp- In [PR2] Perrin-Riou 
proved the following results about the structure of these modules. 

i) Hl^^siV) = and HUq,,T) = if i 7^ 1, 2; 

ii) If V ^ p, then for each r] G ^(A) the r/-component Hl^{Qy,T)^^'l is a finitely generated 
torsion A-module. In particular, ifj\^(Q^,T) ~ H^iQ'^'/q^, (A(r) (g>z^ T^-y). 

in) li V = p then Hl^i^p^T)'^'^^ are finitely generated torsion A-modules. Moreover, for each 
T] e X(A) 

rgA [Hliqp.T)^''^) = d, Hl{q„T)[2l ^ H'mCp^),Ty^\ 
Remark that by local duality H^^{qp,T) ~ i^°(Qp(Cpoo), 1/*(1)/T*(1)). 

iv) If the weak Leopoldt conjecture holds for the pair {V,r]) i.e. if i?|(Q(Cp°=), V/T)'^'') = 
then H^^ siT^"^ is A-torsion and 



rankA (Hi^^siT)^^^) 



d_{V), ifr?(c) = l 
d+{V), ifr/(c) = -l. 



Passing to the projective limit in the Poitou-Tate exact sequence one obtains an exact sequence 

^ F|(Q(Cp~),F*(i)/r*(i))^ ^ i^iUm -> ®hUQv,t) ^ JT|(Q(Cpoo),y*(i)/r*(i))^ 



^ii,5(r) -> e^i/ii(Q.,r) -> i/0(Q(Cp»),T^*(i)/r*(i))^ -> o. (5.1) 



Define 



Rriw,5(r) = c*(Gs,(A(r)0z^r)^), 

RTsiq{Cp-),V*{l)/T*{l)) = C'(Gs,Homz,(A(r),y*(l)/r*(l))). 
Then the sequence (5.1) is induced by the distinguished triangle 

Rri^,s(r) ^ e Rri^(Q„r) ^ {KTs{QiCp^),v*ii)/T*{i)y)^ [-2] 

([Ne2], Theorem 8.5.6). Finally, we have usual descent formulas 

RTi^,s{T) 0l Zp ~ Rr5(r), Rri^(Q„T) Zp ~ Rr(Q„r) 

( [Ne2], Proposition 8.4.21). 

5.1.2. The complex Rr|^°]^(L', F). For the remainder of this chapter we assume that V 
satisfies the conditions Cl-5) of section 3.1.2 and that the weak Leopoldt conjecture holds for 

(y, r/o) and {V* {l),r]o). We remark that these assumptions arc not independent. Namely, by 
[PR2], Proposition B.5 C4) and C5) imply the weak Leopoldt conjecture for (V* (l),r]o). From 
the same result it follows that the vanishing of Hj{V*{l)) implies the weak Leopoldt conjecture 
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for (V,?7o) if in addition we assume that H^(Qp,V*{l)) = 0. 

To simplify notations we write TL for TL{Ti). Fix a regular subspace D of Dcris(^) and a 
Zp-lattice of D. Set Pp(A^, r)(''") = N A, Rr|^"}(Qp, iV, T) = Vp{N,T)(-'i"^[-l] and 
Rr;;';}(Qp, D, V) = RrJ;';^(Qp, iV, r) Qp. Consider the map 



which will be viewed as a local condition at p. li v ^ p the inertia group 1^ acts trivially on A 

set 



RrS;';}(Q„iv,r) 



T^" « A^ T^" « A' 



where the first term is placed in degree 0. We have a commutative diagram 



VE.S 



(5.2) 



Consider the associated Selmer complex 



cone 



ves 



[-1] 



It is easy to see that it does not depend on the choice of S. Our main result about this complex 
is the following theorem. 

Theorem 5.1.3. Assume that V satisfies the conditions Cl-5) and that the weak Leopoldt con- 
jecture holds for {V,r]o) and {V*{l),r]o). Let D be a regular subspace of Dcrisi^)- Assume that 
=Sf (F, D) 0. Then 

i) RT|^°]^(D, V) are H-torsion modules for all i. 
a) Rt{^°[(D, V) = fori 2,3 and 



Hi) The complex Rrj^°]^(D,y) is semisimple i.e. for each i the natural map 



is an isomorphism. 

5.1.4. Proof of Theorem 5.1.3. We leave the proof of the following lemma as an easy exercise. 
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Lemma 5.1.4.1. Let A and B he two submodules of a finitely generated free T-L-module M. 

Assume that the natural maps Ar^ — >■ Mr^ and Br^ — Mr^ are both injective. Then Ar^ nSpi = 
{0} implies that AnB = {Q}. 

5.1.4.2. Since H^^s{V) and H^^{Q^,V) are zero, we have BPr[l°l{D,V) = 0. Next, by defini- 
tion Rir;^°j^(L»,F) = ker(/) where 

V ' ves-{p} ' J ves 

is the map induced by (5.2). U v & S — {p} one has 

Thus 

mHl{Qp,T)^^-^ ®^H. Put 

A = Exp|._^(I)_i ®n)® X-iExp|._^(D'^=f " ® 7^) c Hl^iQp, r)(''«) ®a U. 
By Theorem 2.2.4 and Proposition 3.2.2 injects into iJ^(Qp,F). The "H-module M = 

(rrl /Q T) \ ^'"'^ 
^j^gcT' ) ®A is free and A^ M. Since T^«f = one has Mr, = H^^iQp, V)r C 

H^{Qp, V) and we obtain that Ar^ injects into Mp,. 

Set B = I — ^^H^ — J ®A y- The weak Leopoldt conjecture for (F*(l),?7o) together with 

the fact that H^^ (Q„ , T) are A-torsion for w G — {p} imply that B ^ M. Since the image of 
Hi^{Qv,V)r in H^{<Qy,V) is contained in Hj{Q^,V), the image of iJi\^ 5(y)r in Hl{V) is in 
fact contained in Hj^^y^V). From C5) it follows that Hj^^^^V) injects into H^{Qp,V) and we 
have 

Thus fin C Mrj. We shall prove that R^rj^")^(L», V) = 0. By Lemma 5.1.4.1 it suffices to show 
that n i?ri = {0}. Now we claim that Ar^ n Hj ^pyiV) = {0}. First note that by Lemma 
3.1.4 

On the other hand, from Theorem 2.2.4 it follows that 

Expt._^(£>_i ® W)r, = expy^Q^(i?_i) C if^(D_i). 

Now Proposition 3.2.2 implies that the image 

of in ^w?!'^? coincides with H^{W). But 

^(y, £>) 7^ if and only if Hj^ {V}nH^ (W) = where Hj^iV) denotes the inverse image of (W) 
in Hj ^pyiV) (see Lemma 3.1.4 iii)). This proves the claim and implies that R^r|^"]^(D, V) = 0. 



34 



DENIS BENOIS 



5.1.4.3. We shall show that K?t[^]^{D, V) is "H-torsion. By definition, we have an exact sequence 

^ coker(/) ^ R2ri;»J^(Z), V) ^ Ul\^^s{V)^^''^ ®a«^ n ^ 0, (5.3) 

where 

Ul\^^siV) = kev(Hl^siV) ^ ®HUQv,V) 

It follows from the weak Leopoldt conjecture that lUj^ ^(l^) is AQ^-torsion. On the other hand, 
as ^ is a Bezout ring [La], the formulas 

rankAifiV,5(r)(''°) = d-{V), rankAifiV(Qp, r)^''") = d{V), rankA^p (iV, T) = d+{V) 

together with the fact that R^r|^''|^(Z), = imply that coker(/) is 7/-torsion. We have 
therefore proved that R^riw,?t(-D, V) is "H-torsion. Finally, the Poitou-Tate exact sequence gives 
that 

is also "H-torsion. 

5.1.4.4. Now we prove the semisimplicity of Rr|^")^(i:», V). First write i^/^ ^(y)^''") ~ ^'qJ'^'^ ® 
HLM^^tlr^ ■ Since Hl^,{V)tor C Hl{Qp,V)tor = V"^^ , we have {Hl^siy)tor)r = by 
the snake lemma. Thus dimq^ H^^ g{V)^"^ = d-{V). On the other hand dimq^ ^^y{V) = 
d-{V) + dimQp H^{Qp, V*{1)) by (3.2) and the dimension argument shows that in the commu- 
tative diagram 

> ifL,5(^)rT^ > ^/,{P}(^) ' H%qp,V*{l)r > 

1 1 ^^-^^ 
> Hljqp,V)pf > H\Qp,V) > H^iQp,V*{l)y > 

with obviously exact upper line the bottom line is also exact. This implies immediately that the 
natural map 

is an isomorphism. 

Consider the exact sequence 

-> [Hi^,s{T)^''°'^ (BVp{N,TY^°^'^ (^n-> ifi\,(Qp,r)(^°) ^ coker(/) ^ 0. 

Recall that Exp^^Q : D — > Hl^{Qp,V)r denotes the homomorphism induced by the large 
exponential map. Applying the snake lemma, and taking into account that Im(Expy^Q) = 

expyQ^(L'_i) = if^(D_i) and ker(Expy^ q) = L)'^=p ^ (see for example [BB], Propositions 4.17 
and 4.18 or the proof of Proposition 3.3.2) we obtain 

coker(/)'^i = ker (^i?iw,5(^)tT^ ® ^ ^""Pv-i^-o^ H\Qp, V)^ = D'^=p~\ (by the regularity of D), 
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Thus on has a commutative diagram 



coker(/)'"^ 



coker(/)ri 



(5.5) 



where horizontal arrows are isomorphisms, the left vertical arrow is the natural projection and 
the right vertical row is the map defined in section 3.2.3. Prom Proposition 3.2.4 it follows that 
coker(/)'"i — )■ coker(/)ri is an isomorphism if and only if ^{V, D) ^ 0. 

On the other hand, the arguments [PR2], section 3.3.4 show that III 5(y)r = UIi^ .g(y)^ = 

0. Remark that Perrin-Riou assumes that Ti„i^{VY=^ = Dcris(^)'^=^ = 0, but her proof works 
in our case without modifications and we repeat it for the commodity of the reader. Consider 
the commutative diagram (where we write IIIj^(V') instead IHj^ ^(V') and iJ^(Q(Cp°o), F*(l))p 
instead (i?^(Q(Cp°o), V*(l))*)r to abbraviate notation) 



^Hl^{V)v 



{V)- 



hO(Qp,V*(1))' 



■ e H]{qy,v)®H^{%,v)- 
ves 



■ffO(Qp,y*(l))* 



■ H^mCp'^), V*W)r ^ ^LiV)r ^ 



■H^{V*{1))* 



The top row of this diagram is obtained by taking coinvariants in the Poitou-Tate exact sequence. 
Thus it is exact. The middle row is obtained from the exact sequence 

ves-{p} Z'^^"' ^ 

by taking duals. Here we use the condition Hj{V*{l)) = 0. The exactness of the left and middle 
columns follows from the diagram (5.4). The isomorphism from the right column comes from the 
exact sequence 

^ H\r,HUQM,v*m ^ Hl{v*{i)) ^ JT|(Q(Cpoo),y*(i))r ^ o 

together with the remark that ifi(r, ifO(Q(Cp»), y*(l))) = because //"(P, ifg(Q(Cp=o), !/*(!))) = 
HsiQ, ^*(1))) = by C2). Now an easy diagram search shows that JJl\„ s{^)r = 0. Pinally, 
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from dimqm'i^^siVf ^ dimQ^mL_s(y)r it follows that IIl\^^s{Vf = 0- Therefore, apply- 
ing the snake lemma to (5.3) we obtain a commutative diagram 



coker(/)r, R^r^") (Z?, y)r„ 

in which the horizontal arrows are isomorphisms and the vertical arrows are natural projections. 
This proves that Rrj^°]^(D,y) is semisimple in degree 2. Remark that the semisimplicity in 

degree 3 is obvious because by ii) R^r[l°l{D,Vf^ = R^r[l°^f^{D,V)r, = 0. This completes the 
proof of Theorem 5.1.3. 

Corollary 5.1.5. The exponential map induces an isomorphism of D'^~p onto coker(/)ri — 
R'^r[l"l{D,V)r^ and the diagram 

Ad 

in which the map Xd is defined in Proposition 3.2.4, commutes. 
5.2. The module of p-adic L-functions. 

5.2.1. The canonical trivialisation. We conserve the notation and conventions of section 4.2. 
Let D be an admissible subspace of Dcris(V') and assume that ^{V,D) ^ 0. We review Perrin- 
Riou's definition of the module of p-adic L-functions using the formalism of Selmer complexes. 
Set 

^i^,h{D,v) = detil (^Rr;;';i(y)© (^^© Rri:°^(Q„,z),y))) 0detA«^ ©^Rri:")(Q,,F)) . 

The exact triangle 

R-r^^sP'^) ^ (Rr!:';i(y) © ©^Rr£';}(Q,,L>,y))) ^n^ ( ©^Rrir^(Q.,T/)) 

gives an isomorphism Aiw,/i(D,V) ^Aq^ 'H ^ det^^Rr|^°^(D, V). Let /C denote the field of 
fractions of H. By Theorem 5.1.3, all Rt£°^(D, V) are ^-torsion and we have a canonical map. 

det^'Rri:°i(Z), V) ^ ® deti7^)'^ RTi;°i(Z), V) ^ IC. 

ie{2,3} 

The composition of these maps gives a trivialization iv,iw,h '■ ^iw,h{D, V) — > JC. 
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5.2.2. Local conditions. In this section we compare local conditions coming from Perrin-Riou's 
theory to the Bloch-Kato's one. Set Krf{Qp,D,V) = D[-l] and define 

5 = cone(^ ^ ' ■ R^f{Qv,D,V) ^Rrf{Qp,V)^ [-1]. (5.6) 

Thus, explicitly 

S=[D® DeHs(^) ^ Dens(V) tv(.Qp)] [-1] [D ® T>crUV) ^ DeHsC^^) ® D)] [-1], 

where the unique non-trivial map is given by 

{x, y) ^ (^(1 - ^) y, (^ ^Y-'y ' ^ + FilODcris(^))) ■ 
Thus H^(S) = D^=P~' and HVS) = ~ D^h^IF) _ 

simplicity of it follows that the natural projection H^{S) HUV) — >■ H'^{S) is an 

1 — tp •' 

isomorphism and we have a canonical trivialization 

as : detQ^5 ® detQ^Rrj(y) ~ detQ^'ifi(5) ® detQ^i^2(5) ® det^lMjiV) ~ Qp. (5.7) 
Hence the distingushed triangle 

s ^KTf{qp,D,v) ^Rrf{qp,v) ^ s[i] 

induces isomorphisms 

Ps ■■ detqJviQp) ® detQ^Rrj(y) ~ detQ^^Rrj(Qp, V) ® detQ^Rr/(y) 
~ detQ^^Rr/(Qp, D, V) ® det^^^ ® detQ^Rr/(V) 

~ detq^D ® det^^S ® detQpRr/(y) (5.8) 

and 

■■ detQpV(Qp) ® detQpRr/(y) cl detQ^L> ® detQ^5 ® detQ^Rr/(y) '"^-"^ detQ^D. (5.9) 

Fix bases uoty G detQ^ ty(Qp), € detQ^ D and w/ G detQ^ Hj{V). Let -Ry,D(wy,£)) denote the 
determinant of the regulator map 

rv,D : if)(y) ^DeHs(l^)/(Fil°Deris(V^)+^) 

with respect to and ojt^ (8> co^^. 

Lemma 5.2.3. i) Let f : W ^ W be a semi-simple endomorphism of a finitely dimensional 
k-vector space W. The canonical projection ker(/) — coker(/) is an isomorphism and the tau- 
tological exact sequence 

ker(/) -^W Aw ^ coker(/) 



38 



DENIS BENOIS 



induces an isomorphism 

det*/ : detfc(l^) -> detfe(l^) ® detfc(ker(/)) ® det-^(coker(/)) -> detk{W). 

Then det*f{x) = det(/ | coker(/)). 

ii) The map i?^ sends uJty ®oj^^ onto 

det* ( ^~^^^ Ep{V,1)-^Rv,d{^v,d)-^ood 
Proof. The proof is straightforward and is omitted here. 

5.2.4. Definition of the module of p-adic L-functions. In this subsection we interpret 
Perrin-Riou's construction of the module of p-adic L-functions in terms of [Ne2]. Fix a Z^-lattice 
N oi D and set 

Ai^,^(7V,r) = detx' fRr£°i(r) © f © Rrj;°}(Q„,7V,r)')') ® detA ( © Rr£°)(Q„,r) 

V ' \ves '•' J J \ves 

The module of p-adic L-functions associated to {N, T) is defined as 

L{w°I(^,r) = iv,i^,h (Aiw,/. (iV,T)) c K. 

Fix a generator /(71 — 1) of Li^°/j(-^, T) and define a meromorphic p-adic function 

Li^,h{T,N,s) = fixilY -^)- 



Let now V be the p-adic realisation of a pure motive M over Q which satisfies the conditions 
Ml-3) of section 4.1.2. As we saw in section 4.1.2 on expects that V satisfies Cl-5). We fix bases 
cj/ G dctQ)i?|(M), LxJtf^f G detjjt TV/ (Q) and use the same notation for their images in det(Qpi^|(y) 
and detQty (Qp) respectively. Choose bases oj\^^ G det^Mg and oj^ G detZpL"*" and define the p- 

adic period r2^*'^''(a;J, w^^^) G Qp by = ^^-^'^\uj^,uj'Ij^) using the comparision isomorphism 
(4.4) and (4.7). Let ojjv be a generator of detz^AT. 

Theorem 5.2.5. Assume that V satisfies Cl-5) and that the weak Leopoldt conjecture holds for 
{V,rio) and {V*{l),r]o). Let D be an admissible subspace of DciisiV). Assume that ^{V,D) ^ 0. 

Then 

i) Li^^hiT, N, s) is a meromorphic p-adic function which has a zero at s = of order e = 

ii) Let Lj^ ^(T, N, 0) = lims_^o s~'^Li^^h{T, N, s) be the special value of Liy,^h{T, N, s) at s = 0. 
Then 

^U(^'^'O) -.^r{hr^('''>^{v,D)£+{v,D) w.,p(AEP(r)) 



where iuiM,p and £^ {V^D) are defined by (4-12) and (4-16) respectively andT{h) = {h — 1)!. 
5.2.6. Proof of Theorem 5.2.5. 

5.2.6.1. First recall the formalism of Iwasawa descent which will be used in the proof. The 
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result we need is proved in [BG]. This is a particular case of Nekovaf 's descent theory [Ne2]. Let 
C* be a perfect complex of "H-modules and let C* = C* (8>^ Qp. We have a natural distinguished 
triangle 

C* A C* -> C', 

where X = 71 — 1. In each degree this triangle gives a short exact sequence 

^ Jy"(C")ri H'^iC^) H'^+^C'f' 0. 

One says that C* is semisimple if the natural map 

H^'iC'f^ -> H^'iC) -> i^"(C")ri (5-10) 

is an isomorphism in all degrees. If C* is semisimple, there exists a natural trivialisation of 
detQ^CQ, namely 

^ : detQ^Co'^ dctJj-;)"iy"(Co) (det^^'^'' iC')r, ^ det^^'^" H-+\C'f A 

~ ®^ (det^-/)"i/-(C-)r, ® det^-/)""i/-(C-)r^) ^ 

where the last map is induced by (5.10). We now suppose that C (8>^ /C is acyclic and write 
ioo : det^C* — )■ IC for the associated morphism in V{K.). Then ioo(det^C*) = f%, where 
/ G /C. Let r be the unique integer such that X~^f is a unit of the localization Ho of H with 
respect to the principal ideal XTi. 

Lemma 5.2.6.2. Assume that C* is semisimple. Then r = 1)"+^ dimQ^ H'^{C*)^^ and 

there exists a commutative diagram 




detQ^Co* > Qp 

in which the right vertical arrow is the augmentation map. 

Proof. See [BG], Lemma 8.1. Remark that Burns and Greither consider complexes over A(8)Zp Qp 
but since is a Bezout ring, all their arguments work in our case and are omitted here. 

5.2.6.3. By Theorem 5.1.3 the complex HF^lj^^f^^D , V) is semisimple and the first assertion follows 
from Lemma 5.2.6.2 together with Corollary 5.1.5. 

5.2.6.4. Now we can prove Theorem 5.2.5. Define 

Rr/(Q„ iV,T) = Rri;';}(Q„ iV,T) ®^ KTf{q„D,V) = Rr/(Q„ iV,T) Qp. 

Remark that for t; = p this definition coincides with the definition given in 5.2.2. Applying 'S)^Qp 
to the map Rr£°}.(Q^, D, V) Rr£°^(Q^, T) ®\ U we obtain a morphism 

Rr/(Q„z),y) ^Rr(Q„y). 
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If V p, then Rr/(Q„, D, V) = Rr/(Q^, V) and this morphism coincides with the natural map 
Rr/(Q^,y) -> Rr(Q^,y). U V = p, then Rr/(Q^,D,V') = D[-l] and by Theorem 2.2.4 it 
coincides with the composition 



D 



1~V 



-> Deris (^) 



(h-iy.expy 



Let IlTf^h{D, V) denote the Selmer complex associated to the diagram 



KTsiv) ^ © Rr(Q„,y) 

ves 



ves 



Then we have a distinguished triangle 



KTf^hiD, V) KTsiV) © f © Rr/(Q„ L», V)] -> © Rr(Q„ (5.11) 

\ves ) ves 

which induces isomorphisms 



detQ^^Rrs(V^) (^^|^detQ^Rr(Q„ V)j ® det^^L* ^ det^^^Rrj^^L*, V), 
^D,h ■ Aep(1^)®q, (detQ^D ® detQ V+) ^ det^lKTf,h{D,V). 

Next, HTf^hiD, V) = Rrj^°)^(D, V) Qp and for any i one has an exact sequence 
Prom Theorem 5.1.3 it follows that 

( K'r[li{D,vr^ i^^ = l 

I if i 7^ 1,2. 

Therefore, the isomorphism Il'^Tiyf^h{D, V)^^ — > R^rivv,/i(-D, V)ri induces a canonical trivializa- 
tion 

^D,h ■■ detQ^KTf,h{D,V)^Qp. 
By Lemma 5.2.6.2 we have a commutative diagram 

detH^Rri:")(i),y) ZZ!^ no 
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Since 

Aiw,/.(iV,r) (8)^ Zp ~ AEp(r) ojn (a;^)"^ 

it implies that 

° ^D,^(AEp(r) a;^ (0;+)-^) = log(x(7))-^^iw,;.(r, A^, 0) Z^. 
Consider the diagram 

Rr/(v) ^Rr5(F)© e Rr^(Q,,y) — ^ © Rr(Q„y) 

?;eSU{oo} i)eSU{oo} 



(5.12) 
(5.13) 



^Vf^uiP.v) ^Rrs(y)© ©Rr/(Q,,Ay) 



Rr(Q,,F) 



-^y+[-i] 



where L = cone (RFj /^(D, y) — > Rrj(y)) [—1] and the upper and middle rows coincide with 
(4.1) and (5.11) up to the following modification: the map loCp : Rr/(Qp,y) — > Rr(Qp,y) is 
replaced by r(/i) locp. Hence S is isomorphic to L in the derived category V^i^^ and we have 
an exact triangle 

s -> B.Vf,u{Dy) -> Rrj(y) -> ^[i]. 

An easy diagram search shows that H^{S) ~ H^F f^h{D,V) coincides with id : D'^^p — > 
D^=P'' and that 

H}{V) -> H^{S) K^Tf^hiD, V)^0 

coincides with 



n ^ H^(V\ Deris (^) r(fe)exp^ 

' ^ ^/^^^ ^ FilODeHs(F) + D_, ^ 



^'(Qp,v^) 



Therefore, we have a commutative diagram 

detQ^S'^detQ^Rr/(F) 



> detQ^Rr/,,,(L>,y) 



0. 



where was defined in section 5.2.2 and k is the unique map which makes this diagram commute. 
Prom Proposition 3.2.4 and Corollary 5.1.5 we obtain immediately that 



«^ = (logx(7)r(l-^) ^{V,D)-HdQ^. 

Passing to determinants in the diagram (5.13) we obtain a commutative diagram 
Aep(1^)® (det(ty(Qp))®det-iy+) ®detRr/(y) 



(5.14) 



Aep(V^) ® {detD (g) detS (g) det Rr/(V')) (g) det" V+ det-^RT f^h{D, V) (g) detRTf^h{D, V) '^"''''^> Qp 



idi8i/3s 

Aj,p(V^) ® (detD (g) detQ V+) 



-^det-iRr/,;j(D,y) 
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where the maps ag and fig were defined in (5.7-5.9). The upper row of this diagram sends 
Aep{T) (g) {ojtj^ (g) (wj)-^ (8>a;/) onto 



ii^ {UJrp,LO 



B , 



From Lemma 5.2.3 it follows that the composition of left vertical maps -ds = (id Ps) sends 
ABp(r) ® (wtj^, ® (wy)"^ ® w/) onto 

det* ' I ^) l)"'^v,i3(wy,iv) Aep{T) ® (wjv (w^)"') (5.16) 

Next, (5.12) and (5.13) give 

^?B>(CD,/^®«)(AEp(T)®a;^^®(w^)-') = " ^) ^)"%w,fe(^' ^' 0) ^p- (^-l^) 

Putting together (5.15), (5.16) and (5.17) we obtain that 

and the theorem is proved. 

5.2.7. Special values of L*^ ^^(T, TV, .s). Let H){T) denote the image of Hj{T) in Hj{V) and 

let ojtj be a base of det^^ Hj(T). Let Rv,d{^t,n) denote the determinant of rv,D computed in 
the bases w*^, ojn and ujtj- 

Corollary 5.2.8. Under the assumptions of Theorem 5.2.5 one has 

LLAT^N,0) ,^(^) + #m(r-(l))Tam^,,(T) 

where III(T*(1)) is the Tate-Shafarevich group of Bloch-Kato [BK] and Tam°j^^(T) is the product 
of local Tamagawa numbers of T taken over all primes and computed with respect to a fixed base 

LOtM o/detQtM(Q)- 

Proof. The computation of the trivialisation of the Euler-Poincare line (see for example [FP], 
chapitre II, Theoreme 5.6.3) together with the definition of i^M.p by (4.12) give 



,A - #m(r*(l))Tam^^^(T) ^(,,,^)^ + + w i 



Since Rv,d{oJt,n) = Rv,d{oJv,n) [oJf '■ oJtj] the corollary follows from Theorem 5.2.5. 

5.2.9. The functional equation. Recall that we set hi{V) = dimQp(grjDdR(y)) and m = 
Y^ihi{V). Since V is crystalline, detQp(V') is a one dimensional crystalline representation and 

detzp(r) = To{m) where To is an unramified Gqj, -module of rank 1 over Zp. The module (To (8) 
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W{¥p))f=^ Sm where = (t"^ (g) e)®"" is a Zp-lattice in detQp(Dcris(V)) = DcvUVoim)) which 
depends only on T and which we denote by Deris (7o(?72)). 
Let D-^ be the dual regular module. The exact sequence 

gives an isomorphism 

detQj,i:> (g) detq^D-^ ~ detQ^, Deris (V") 
and we fix a lattice AT-*- c such that 

detz^A^ ® detgJiV^ ~ DcHs(7o(m)). 

Set ry,^(s) = U. iJ + The conjecture Sz^{V) of [PRl] proved in [BB] implies 

j>-h 

that for /i » 

-;i<i</i 

(see [PR2], Theoreme 2.5.2). This can seen as the algebraic counterpart of the functional equation 
for p-adic L-functions. An elementary computation (see [BB], Lemme 4.7) shows that 

^vX(^) n (i + 5)'+^''*^'^^ = r*(v)r(/i)'^+(^*w)-''+(^)s'^ + o(sO. 

-h<j<h 

where r = dimQjv{Qp)-d+{V) = dimq^HjiV) and r*{V) is defined by (4.14). Therefore 
Liw,h{T* (1) , N-^ , s) has a zero of order dim^^ Hj{V) + e at s = 0. Moreover one has 

LiV,(T*(l),7V^,0) L,^MT,N,0) 

Prom the definition of i?v.(i)^^x (see section 4.2.1) oneobtains easily that i?y.(i)^^x(a;y.(i)_jv-L) = 
fl^j^'P\ujT , 0JMdR)~^ Rv,Di'^v,N) where f^^'^^ denotes the period map defined (4.8) and (4.9) and 
^Man. = *^^t^*(i)- Taking into account (4.15) we obtain that 

Ll,^,{T*{l) N^,0) r(/,)'^+(^*W)^(y,Z;)g+(y-(l),i;^) W p(Aep(T*(1))) 
Rv* {^v,N^ ) '^^ (a;+ , a;+ .(,)^ ) 

which is the analog of Theorem 5.2.5 for Liy^^h{T*{l),N-^, s). 

Appendix. Galois cohomology of p-adic representations 

A.l. Let be a finite extension of Qp and T a p-adic representation of Gk- Fix a topological 
generator 7 of P. Let D(T) = (T (g)^^ A)^'^ be the (y), P)-module associated to T by Fontaine's 
theory [P2]. Consider the complex 

c<^,^(D(r)) = [D(r) 4 D(T) © D(r) A d(t) 

where the modules are placed in degrees 0, 1 and 2 and the maps / and g are given by 
f{x) = {{(p-l)x,{j- 1) x), g{y, z) = {j-l)y - {(f - 1) z. 
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Proposition A. 2. There are canonical and functorial isomorphisms 

h' : H\C^,^{Tt{T))) ^ H\K,T) 

which can he described explicitly by the following formulas: 
i)Ifi = 0, then coincides with the natural isomorphism 

a) Let a, /3 G D(T) be such that (7 — 1) a = {1 — if) j3. Then h^ sends cl(a, /3) to the class of the 
cocycle 

l^iia) = (5 - 1) a; + /3, 

7-1 

where x G 0(7") (83 Ak ^ is a solution of the equation {1 — ip) x = a. 

Hi) Let 7 G Gk be a lifting of g € F and let x be a solution of {(p — 1) x = a. Then /i^ sends 
a to the class of the 2-cocycle 

7-1 

where gi = ■y'^'hi, hi G Hk- 

Proof. The isomorphisms /i* were constructed in [HI], Theorem 2.1. Remark that i) follows 
directly from this construction (see [HI], p. 573) and that ii) is proved in [Benl], Proposition 1.3.2 

and [CC2], Proposition 1.4.1. The proof of iii) follows along exactly the same lines. Namely, it is 
enough to prove this formula modulo for each n. Let a G D(T)/p"D(T). By Proposition 2.4 
of [HI] there exists r > and y G D(r)/p'^D(T) such that {(p - I) a = (7 - If /?. Let 

= (D(T)/p"D(r)) e (eL,(AK/p"A^)t,), 

where (p{ti) = ti + {'j — l)'"~*(a) and j{ti) = ti + Then Nj. is a {(p, r)-module and we have 
a short exact sequence 

where X = N^/M ~ ©i=iAx/p"Axii. An easy diagram search shows that the connecting 

homomorphism 5^ : if^(C<p,^(D(X))) -> H'^{C^^^{B{T))) sends cl{0, ir) to -cl(a). The functor 
V(D) = (D^Ak-^)*^^^ is a quasi-inverse to D. Thus one has an exact sequence of Galois modules 

T/p'^T ^ \{X) 

where T^ = Y{Nx). Prom the definition of x it follows immediately that tj. — x G T^- By ii), 

^^(cl(0, tr)) can be represented by the cocycle c{g) = ir and we fix its lifting c : Gk — > Nx 

1 ^ ~ 

putting c{g) = {tr - x). As 510(52) - 0(9192) + c{gi) = -^2(91, 92), the connecting 

7 - 1 

map : H'^{K,Y{X)) -> H^{K,T/p"'T) sends cl(c) to -cl(//2) and ih) follows from the 
commutativity of the diagram 

H\C^,^{X)) H\C^,,{T/p-T)) 
H^K,Y{X)) H^{K,T/p"T). 
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Proposition A. 3. The complexes 'Rr{K,T) and C^^j{T) are isomorphic in V{Xp). 

Proof. The proof is standard (see for example [BF], proof of Proposition 1.17). The exact se- 



quence 



^ T ^ D(r) a ^ D(r) a 

gives rise to an exact sequence of complexes 



^ CI{Gk,T) ^ CI{Gk,T>{T) A) ^ C:(GK,D(r) A) ^ 
Thus Rr(i^', r) is quasi-isomorphic to the total complex 

K'{T) = Tof (cI{GkMT) ®Ak A) ^ C,'(Gx,D(r) ®a. A)) . 

On the other hand C^,^(T) = Tof (a*{T) A'(T)^ , where A*{T) = [D(r) D(r)]. 

Consider the following commutative diagram of complexes 



7-1 



D(r) 



D(r) 



CiGK, D(r) ®Ak A) ^ C\Gk, D(r) ®Ak A) ^ C^{Gk, D(r) ®A^ A) ^ • • • 

in which /3o(a^) = x viewed as a constant function on Gk and f3i{x) denotes the map Gk — > 

D(r) (^Ak A) defined by (5-) = x. This diagram induces a map Tof(A*(r) 

7 - 1 

^*(r)) — >■ K*(r) and we obtain a diagram 

c^,^(r) ^ i^'(r) ^ Rr(ir,r) 

where the right map is a quasi-isomorphism. Then for each i one has a map 

H\G^,^{T)) W{K'{T)) ~ iJ*(if,r) 

and an easy diagram search shows that it coincides with /i*. The proposition is proved. 

Corollary A. 4. Let V be a p-adic representation of Gk- Then the complexes 'RT{K,V), 
Cip_~f{Y)^V)) and C^p^J(Dl^^{V)) are isomorphic in'D{Qp). 

Proof. This follows from Theorem 1.1 of [Li] together with Proposition A. 2. 

A. 5. Recall that K^o/K denotes the cyclotomic extension obtained by adjoining all p^-th 
roots of unity. Let T = Gal{Koo/K) and let A(r) = Zp[[r]] denote the Iwasawa algebra of F. 
For any Zp-adic representation T of Gk the induced representation IndK^/KT is isomorphic to 
(r(g)Zp A(r))'- and we set Rri^(i^,r) = C'{Gk M^k^/rT). Consider The complex 



in which the first term is placed in degree 1. 
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Proposition A. 6. There are canonical and functorial isomorphisms 

: H\Ci^,4T)) HUK,T) 

which can be described explicitly by the following formulas: 

i) Let a G D(r)^=^. Then (99 — 1) a G D(T)^~° and for any n there exists a unique /3„ G D(T) 
such that {jn — ^) f3n = — 1) 0(. The map h}^ sends cl(a) to (/i^(cl(/3„, a)))„gN G H^^^Kn, T). 

11) Ifae D(T), then hjjcl{a)) = ^{hl{ip{a)))n^^. 

Proof. The proposition follows from Theorem 11.1.3 and Remark II. 3. 2 of [CC2] together with 
Proposition A.2. 

Proposition A. 7. The complexes Iiriyf{K,T) and Ci^^.^{T) are isomorphic in the derived cat- 
egory V{K{T)). 

Proof. We repeat the arguments used in the proof of Proposition A. 1.2 with some modifications. 
For any n ^ 1 one has an exact sequence 

^ IndK^/KT (D(r) A ^ (D(r) A ^ 0. 

Set Ti{lndK^,KT) = D(r) A(r)^ and 

D(Ind^^/x(T))^AKA = ^(D(r) ®Ak A. 

n 

As Indx^/KT are compact, taking projective limit one obtains an exact sequence 

^ I^^k^/kT Ti{lndK^iK{T))®AK^ ^ D(Ind^^/K(r))^AK A ^ 0. 
Thus 'Kiyf{K^T) is quasi-isomorphic to 

Ki'„(T) = Tof (c:(Gi^,D(IndK^/KT)ci)AKA) ^ D(Ind,^^/KT)^AK A)) . 

We construct a quasi- isomorphism /, : Ciw,^/i(r) — > JC*^(T). Any x G D(T) can be writ- 
ten in the form x = (1 — fij^) x + vV'(^) where ^(1 — ip^)x = 0. Then for each n ^ 
the equation (7^ — l)?/„ = {ipif) — \)x has a unique solution y„ G D(r)'^=° ([CC2], Propo- 
sition 1.5.1). In particular, y„ = 2li±i y„+i and we have a compatible system of elements 

7n - 1 

\Gn\-l 

Yn= ^'(2^") ^ °(^) '^AGuY- Put y = (y„)„>o G D(Ind^^/Kr). Then 

A:=0 

(7„ - 1) y„ = (7 - 1) y (mod D(Ind^^/KT)). 

Let rix G CI{Gk-,^(J-^'^k^/kT)®Ak-^) be the map defined by rix{g) = - — ^ (1 ® x). Define 

/i : D(r) ^ Kl{T) = CO(GK,D(Indx^/Kr)^AKA)eCi(GK,D(Indx^/Kr)^A.A) by 

= (y,7?.) and /2 : D(r) ^ Ci(Gx, D(IndK^/Kr)cg)AK A) C i^i2^(r) by f^^z) = 
It is easy to check that /, is a morphism of complexes. This gives a diagram 

in which the right map is a quasi-isomorphism. Using Proposition A. 1.4 it is not difficult to check 
that for each i the induced map 

W{C,^,^{T)) ^ H\K^^{T)) ^ Hl{K,T) 

coincides with h\^. The proposition is proved. 
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Corollary A. 8. The complexes HTi^{K,T) and C}^ ^{T) are isomorphic in I>(A(r)). 

Proof. OnehasDt(r)^=i = B{Tf=^ ([CCl], Proposition 3.3.2) and Dt(r)/(V'-1) = D(r)/(V'- 
1) ([Li], Lemma 3.6). This shows that the inclusion Cj^ ^(7") — )■ D(r)'^=^ is a quasi-isomorphism. 

Remark A. 9. These results can be shghtly improved. Namely, set = {p— l)j»"~^. The method 
used in the proof of Proposition IIL2.1 [CC2] allows to show that V(Dt''^" (T)) c Dt''""-i (T) for 
n ^ 0. Moreover, for any a G Y)^''^"{T) the solutions of the equation (-0 — l)x = a are in 



Dt''^"(r). Thus Cl;^"iT) = Dt''-"(r) Dt''^"(T) 



, n ^ is a well-defined complex which 



is quasi-isomorphic to Cl^^{T). Further, as (p{A'^''^/P) = A^''^ we can consider the complex 

Ct'^:^" (T) = [Dt-'^—i (T) A Dt''^" (T) © Dt''^— 1 (T) A Dt-^- (T)] , n » 

in which / and g are defined by the same formulas as before. Then the inclusion C|,'!^"(r) 
Ctp^j{T) is a quasi-isomorphism. 
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